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Abstract 

We study the eigenvector problem in homogeneous superintegrable A-state chiral Potts 
model (CPM) by the symmetry principal. Using duality symmetry and (spin-)inversion in 
CPM, together with Onsager-algebra symmetry and sZ2-loop-algebra symmetry of the super- 
integrable r'^'-model, we construct the complete fc'-dependent CPM-eigenvectors in the local 
spin basis for an arbitrary Onsager sector. In this paper, we present the complete classification 
of quantum numbers of superintegrable r'-^^-model. Accordingly, there are four types of sectors. 
The relationships among Onsager sectors under duality and inversion, together with their Bethe 
roots and CPM-eigenvectors, are explicitly found. Using algebraic-Bethe-ansatz techniques and 
duality of CPM, we construct the Bethe states and the Fabricius-McCoy currents of the su- 
perintegrable r'^-'-model through its equivalent spin--^^^-XXZ chain. The r^^'-eigenvectors 
in a sector are derived from the Bethe state and the sZ2-product structure determined by the 
Fabricius-McCoy current of the sector. From those r^^^-eigenvectors, the ^'-dependence of CPM 
state vectors in local-spin-basis form is obtained by the Onsager-algebra symmetry of the su- 
perintegrable chiral Potts quantum chain. 
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1 Introduction 



The eigenvalue spectrum of the A^-state chiral Potts model (CPM) was solved by the method 
of functional relations [1, 9, 10, 19, 36, 46], where by regarding CPM as a descendant of the 
six- vertex r'^^-'-model [21], the chiral Potts transfer matrix can be derived as the Q-operator of 
r*^^-* -matrix in the general framework of Baxter's TQ-relation [6]. In the superintegrable case, the 
degeneracy of r^^^ -model occurs, and the r^^^-eigenspace for an eigenvalue T^^\t) forms an Onsager 
sector with the dimension equal to the number of chiral- Potts-eigenvalues associated with r^^^ (t) 
in the functional-relation scheme [1, 8, 11, 12, 19, 46]. Much progress has been made in CPM 
on the study of eigenvalues, which leads to successful calculations of many important physical 
quantities, such as the free energy and the order parameter of the theory [7, 13, 14, 16, 17, 18, 
30]. However there remain some unsolved problems significant in CPM, like correlation functions, 
whose solutions demand a deep understanding of eigenvectors. The purpose of this paper aims 
to provide an explicit construction of complete eigenvectors in the quantum space Vr,Q for the 
(homogeneous) superintegrable CPM of a finite size L with the (skewed) boundary condition r 
and Zjv-charge Q. It is known that Vr^Q is decomposed into (Onsager) sectors £Y,Pa,P},-, labeled 
by quantum numbers Pa,Pb^ and the Bethe polynomial F(= F(t)) whose roots satisfy the Bethe 
equation of a superintegrable r^^^-model (see (2.24) in the paper). The r^^^^-degeneracy multiplicity 
of £^F,Pa,Pi, is 2"^^ (a power of 2), and the eigenvectors of CPM, depending on a temperature- like 
parameter A;', form a basis of £F,Pa,Pi,' 

£F,p,,P, = ®sCvis;k') with s = {si,...,sm^), Si = ±{:=±1), k' eK. (1.1) 

In this work, we obtain an expression of the above CPM-eigenvectors v{s; k') in the local spin basis. 
First, we present the complete constraints of quantum numbers in superintegrable CPM, by which 
we classify all Onsager sectors into four types: /±,^±. The duality symmetry of superintegrable 
CPM [8, 48] interchanges sectors of type I± and i± respectively, with a precise relationship between 
fc'-vectors of one sector and fc'^^-vectors of its dual sector in (1.1) under the duality correspondence 
of quantum spaces (see (2.39), (2.44) in the paper). In particular, the duality induces an one-to-one 
correspondence between the state vectors in (1.1) for a /±-sector at /c' = oo and its dual i-t-sector at 
k' = 0, which will serve the role of basic r^^^ -eigenvectors in our approach of the CPM-eigenvector 
problem. The basic r^^^ -eigenvectors can be regarded as the state vectors at oo- or 0-temperature 
in an Onsager sector of type I± or i± respectively. Using the sZ2-product algebra inherited by 
basic r^^^-eigenvectors, the sZ2-loop-algebra structure of E^^p^^p^ is defined through the modified 
-r(^)-eigenvalue, i.e. the evaluation polynomial (2.27) in the paper. There is another reflective 
symmetry in the theory of superintegrable CPM. Indeed, by examining the relationship between 
roots of the r^^^-Bethe equation, the ib-sectors within the same I- or i-type have shown a inversion 
relation with conjugate total momentum, in which a canonical identification of the fc'-vectors of one 
sector and (— A;')-vectors of another sector in (1.1) naturally appears (see (2.63) in the paper). In the 
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discussion of fc'-state vectors in duality and inversion, the exact correspondences are both dictated 
by the Onsager-algebra symmetry induced from the superintegrable chiral Potts quantum chain [29] . 
It is known that there are two kinds of symmetry to describe the r^^^ -degeneracy in superintegrable 
CPM: the Onsager-algebra symmetry [41] and the sZ2-loop-algebra symmetry [37, 38, 43, 48], which 
play different roles in the derivation of CPM-eigenvectors. In fact, the Onsager-algebra generators 
in the chiral Potts chain give rise to an irreducible Onsager-algebra representation on £F,Pa,Pb^ which 
enables us to express the state vector v{s; k') in (1.1) using the basic r^^) -eigenvectors with the k'- 
dependent coefficients determined by (F, Pa, Pb) (sec (2.28), (3.3), (3.10) in the paper). On the other 
hand, the loop-algebra symmetry is about the sZ2-loop-algebra structure of basic r^^^-eigenvectors 
in £^F,Po,Pi,- This sZ2-loop-algebra representation of Sp^p^^p^ shares the same evaluation polynomial 
(or Drinfeld polynomial) as the Onsager-algebra symmetry, but in essence arises from the theory of 
spin-^^^^ XXZ-chains, which are in fact equivalent to superintegrable r^^^-models [37, 38, 43, 49]. 
By the algebraic-Bethe-ansatz of XXZ-chains [28, 31, 33] , we obtain the Bethe state represented by 
the local spin basis as the basic r^^-'-Bethc state of the sector. With the help of the duality relation, 
the basic r^^^-Bethe state is revealed as the vector with highest weight in a plus(-|-)-sector, and the 
lowest weight in a minus(— )-sector among basic r'-^-' -eigenvectors, (see (4.36), (4.37) in the paper). 
Furthermore, we are able to identify the explicit operator of quantum spaces which gives rise to 
the inversion relation in CPM through the XXZ chain equivalent to the superintegrable r^^^-model. 
For /^-sectors, the inversion operator is given by the reversion of all spin and site-orientation of the 
local spin basis, whose conjugation by duality correspondence serves the inversion operator of i±- 
sectors, (see Proposition 4.1 in the paper). By a similar argument in [27, 43], the Fabricius-McCoy 
current can be successfully constructed in an arbitrary sector of the superintegrable r^^^-model as a 
series with local-operator coefficients in the loop-algebra representation of £^F,Pa,-Pi,- When applying 
to the basic r*^^^-Bcthc state, the Fabricius-McCoy current produces a local-vector form of the basic 
genvectors in £F,Pa,Pbi hence follows the A;'-dependent local- vector form of CPM-eigenvectors 
in (1.1) by using the Onsager-algebra symmetry. 

This paper is organized as follows. Section 2 mainly reviews facts on the duality relation and 
quantum numbers of superintegrable CPM in [48] which are relevant to the discussion of this work. 
We first in Subsection 2.1 briefly survey some basic facts about the duality of homogeneous CPM 
and r(^)-model. The detailed structures especially held for the superintegrable case are described in 
Subsection 2.2. In Subsection 2.3, we provide the complete constraints about quantum numbers in 
the superintegrable CPM, consisting of four types of Onsager sectors, I±,i±. The correspondence 
between I- and z-sectors under the duality relation is given here. Furthermore, by comparing so- 
lutions of the Bethc equation, we find the inversion symmetry among ib-sectors of superintegrable 
r^^^-model with the conjugate total momentum. In Section 3, we examine the degeneracy symme- 
tries of a superintegrable r^^-* -sector, and show that these structures are compatible with the duality 
and inversion of CPM. A procedure of constructing the superintegrable CPM-eigenvectors is pre- 
sented here by using the degeneracy symmetries of CPM. We first in Subsection 3.1 re-examine in 
details the well-known Onsager-algebra symmetry of a superintegrable r^^^-model [8, 23, 24, 29, 48], 
and show how the CPM ^'-eigenvectors in (1.1) can be constructed from basic r^^^^ -eigenvectors in 
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a sector through the Onsager-algebra structure. The exact correspondence of CPM-eigenvectors 
between sectors under the duahty and inversion is also estabhshed by the identification of Onsager- 
algebra representations. Using the basic r^^) -eigenvectors in (1.1) at A;' = oo or 0, we define 
sZ2-product-algcbra and the sZ2-loop-algebra structures of a r^^-*-eigenspace in Subsection 3.2. This 
loop-algebra structure will incorporate the loop-algebra symmetry induced from the XXZ-chain 
equivalent to the supcrintcgrable r^^^-model discussed in the next two sections. In Section 4, we 
employ the algebraic-Bethe-ansatz method as in [37, 38, 43] to investigate the basic genvectors 
of a superintegrable r*-^-* -model through its equivalent spin-^^^^ XXZ chain [44]. This equivalent 
relation is a special case among the general equivalence between XXZ-chains with C/g(s/2)-cyclic 
representation and arbitrary r^^^ -models, a result in [44, 45], now briefly reviewed in Subsection 

4.1. Here we assume N{= 2M + 1) odd as in [48] for the convenience of simple notions when 
making the identification of local operators between XXZ chains and r^^^-models. In Subsection 

4.2, by the standard algebraic-Bethe-ansatz argument [28, 31, 33], we obtain the Bethe state in 
the local spin basis and a set of operators expressed by monodromy-entries, commuting with the 
r^^^-matrix. The Bethe state can be realized as the basic r^^^-eigenvector with the highest or lowest 
weight. In the special case m = r = 0, L = 0, some of these operators are corresponding to the 
operators of the ground-state sector in [4, 5]. For sectors in /-|-n/_(= i+ni_), those operators also 
provide the local-operator form of algebra generators for the loop-algebra symmetry of an Onsager 
sector previously discussed in Subsection 3.2, a result generalizing those in [37, 38] or [43] for the 
case r = m = or r = 0, m = M respectively. Furthermore, through the local operators of XXZ 
chains, we are able to identify the correspondence of quantum spaces which produces the inversion 
symmetry in superintegrable CPM. Section 5 is devoted to the Fabricius-McCoy current, which is 
a series in the sZ2-loop algebra expressed by monodromy entries of the XXZ chain. The Fabricius- 
McCoy current plays a crucial role in our study of CPM-eigenvector problem as an ingredient to 
construct the basic r*-^-* -eigenvectors. In Subsection 5.1, by methods in [27, 43], we construct the 
Fabricius-McCoy currents in sectors I± consistent with the inversion symmetry. In Subsection 5.2, 
the Fabricius-McCoy currents of i-t-sectors are obtained by Fabricius-McCoy currents of I±-sectors 
in the dual r^^^ -model through the duality correspondence. 

Notation: In this paper, we use the following standard notations. For a positive integer N 
greater than one, C'^ denotes the vector space of iV-cyclic vectors with the canonical base lo-),^ G 
Zn (:= Z/iVZ), and Weyl operators X, Z satisfying = = 1,XZ = uj-^ZX: 

X\a) = \a + 1), Z\a)=oo''\a) (a G Zat a; := e^). 

The Fourier basis {\k)} of is defined by 

. N-l , N-1 

with Weyl operators, X\k) = \k + 1), Z\k) = uj^\k), satisfying the relation, 

{X,Z) = {Z,X-^). (1.3) 
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2 Duality and Quantum Numbers in Superintegrable Chiral Potts 
Model 



2.1 Duality in chiral Potts model and r'^^^-model 

We start with some basic notions in a homogeneous r^^^ -model and CPM, then state some facts 
in [48] about the duaUty of CPM. Since the duahty in [48] was formulated in the form of a gen- 
eral inhomogeneous CPM, for easy reference in this paper, we shall summary the results in the 
homogeneous case, and make the modification of some conventions used in [48] for the purpose of 
elucidation. The correspondence between quantum spaces in duality will be essential for the later 
discussion of CPM-eigenvector problem. The summary will be sketchy, but also serve to establish 
notations. 

The L-operator of r'-^-'-modcl [19, 21] (see also in [45, 46]) is the two-by-two matrix expressed 
by Weyl operators X, Z oi X,Z in (1.3): 

m =( J't'^:,-. ^ir^a?c^)' iX,Z)^iZ,X--)^ (2.1) 

with non-zero complex parameters a, b, a', b', c. It is known that the above L-operator satisfies the 
Yang-Baxter (YB) equation 



R{t/t'){L{t) (g) 1)(1 L{t')) = (1 (g) L{t')){L{t) (g) \)R{t/t') 

aux aux aux aux 

for the asymmetry i?-matrix 



R{t) 



( toj-l \ 

t-l uj-l 

t{uj - 1) (i - l)uj 

y toj-l 



Over a chain of size L, we have the monodromy matrix, 

L^{t)L^{t) . . . LUt) = ^1^1 ) , Le{t) = Lit). (2.2) 

The T^^^-model with the boundary condition 

aL+i = ai-r (mod iV), (r G Z^v), (2.3) 

is the commuting family of r^^^-operators defined by 

r(2)(t) = A{ojt) + uj''D{ojt). (2.4) 

The spin-shift operator X{:= WiXfi) commutes with (2.4), with the eigenvalue ui^ for Q G Zjv- 
Hence T^'^\t) preserves the charge-Q subspace, denoted by 

L 

yr,Q = {v= ^ ki, . . . (Tl) G (g) C^l GL+i = ai-r, X{v) = oj^v}, (2.5) 

ai,...aL 
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with the basis: 

=e„, C|Q;ni,...nL) (Eii «^ = r, \nL+i)) = u-Q^'\ni))), 



C|n;,...0 (Eiin^^Q, K+,)=u;— iK), 



(2.6) 



where jQ; ni, . . . ni) := A^^^/^ E^=o i^^*^"^^ . . . ctl) with — cr^+i = are the basis introduced 
in [3, 4] for cyclic boundary condition, i.e. r = 0, case. Note that Vr,Q is subspace of the quantum 
space 0^ with a Hcrmitian inner-product induced from the local spin orthonormal basis (1-2). 
The basis in (2.6) are indeed (Herniitian) orthonormal basis of Vr,Q- 

The parameters of r^^^-model (2.1) in CPM over a square lattice (rotated by 45°-degree) T are 

(a',b',a,b,c) = (xp,yp,Xp,yp,;u2), p&Wk' (2.7) 
where is the (CPM) rapidity A;'-curve defined by 

Wk' ■.kx^ = l- k'n-^, ky^ = 1- k'n^, {k'^ ^ 0, 1, k'^ + k'^ = 1) (2.8) 
(see, e.g. [1, 19]). The r^^^-model (2.4) with parameters (2.7) will also be denoted by 

r(2)(i) = r(2)(t;p). (2.9) 
Here the spectral parameter t is identified with Xgi/q for a generic rapidity q in (2.8): 

t{=tg)=Xgyq, qeWk'. (2.10) 
Then is related to /x^ by the equation of a genus- (A?^ — 1) hyperelliptic curve Wk'- 

: = i^-'^'m-k'X-^) ^ ^ ^ (2.11) 

As in [11] (3.11)-(3.13), [9] (10), [19] (4.27a) (4.27b), [43] Proposition 2.1, (2.31) and [45] (2.25), 
one can construct r^-'^-matrices from (2.1), with t^'^^ = 0,t^^^ = I and r^^^ in (2.9), so that the 
fusion relation holds: 

r(2)(a;^-it)T(^)(i) = uj^Xz{uj^-H)T^^-^^t) + r^^+'^^t), j > 1; 

^(AT+i) ^ oj^Xz{t)T^^-^^ {cot) + u{t)I, ^ ■ 

where .(0 = (^^^)^ .(0 = with = ( -'^^^gg- = ( ^-'^^^vff ^ 

The Q-operator of r*-^)-matrix (2.9) is the chiral Potts transfer matrices (of size L and boundary 
condition r) [11, 19, 45], which are ® C^-operators defined by 

T{q){a},{a'} (= T{q;p){a},{a'}) = U.e=i Wpq{ai - a'i)Wpq{ae+i - a^), 

T{q\a'},{a"} (=r(g;p){,'},{,"}) = niiWp5(a^-c7;)W-p,(a^-4Vi)' iP^Q^^k')- 

Here Wpq, Wpq are the Boltzmann weights in CPM [20]: 

Wpq{0)-^l.q^ }-iy,-U;W WpqiO) - ^^'^'^ Vq - Vp ^'"'^^ 
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with (T G Zat and Wp^q{0) = Wp^q{(}) = 1, and they are uniquely determined by their Fourier 
transform: Wl{\k) = ^ E^Jo' wiP{k) = j:^'^^ uj'"'Wpq{a) . Then T,f in 
(2.13) commute with X, and T{q) = T{q)SR = SjiT{q) where Sr is the spatial translation operator 
SrIJi, ■ ■ ■ ,jL) = \ j2, - ■ ■ , jL+i)- By the star-triangle relation of Boltzmann weights [2, 3, 20, 34, 35], 

[T{q),T{q')] = [f{q),f{q')] = {q, q' G SH^O, 

hence T, T in (2.13 preserve the charge-Q subspace, and are decomposed into automorphisms of 
Vr^Q in (2.5). 

Consider the r*-^)-model and CPM over the dual lattice F*, but replacing /c'-rapidities in (2.7), 
(2.10) and (2.13) by fe'" ^-rapidities, denoted by p*,t*,q* for p*,q* G 2Bi/fe/. The dual T^'^>{t*){= 
T(2)*(t*;p*)), and CPM matrices, r*(^*)(= T*{q*;p*)),f*{q*){= f*{q*;p*)), are of size L with 
the boundary condition r*, defined in terms of Weyl-operators X*, Z* of the local (face-)quantum 
space C-^ = Eo-*eZjv ^W*)* ^^^^ '^^^ Fourier basis of |cr*)*'s in (1.2) and (1.3) are denoted 
by |n))'s with the Weyl-operators X, Z satisfying the relation {X*,Z*) = (Z, X"-*^). The matrices, 
T^^>{t*),T*{q*),f*{q*), all commute with the spin-shift operator X*{= Ue^e =Ue'Z-e = Z) with 
the dual-charge Q*, hence preserve the charge-Q* subspace^: 

Vr**,Q*= C|ni,...ni)) (|ni+i))=a;-'^*-Mni))). (2.15) 

Under the lattice-identification, F* -H- F, so that local quantum vector spaces at the ith position of 
F* and F are identified via the isomorphism, 

$ : ^ C^, |n)) ^ |n) (^ \a)* ^ |a)), (2.16) 

7-(2)*(^*) and T*{q*),T*{q*) in the (dual-charge) Q* -sector can be canonically identified with the 
T^^^ -model and CPM over F using the vertical rapidity p* G Wi/k', the boundary condition r* and 
charge Q*, denoted by r(2)t(t*)(= r(2)t(t*;p*)) and rt(g*)(= T\q*-p*)), ft(g*)(= f\q*-p*)). On 
the other hand, when (r, Q) = (Q*,r*), the quantum space Vr^Q in (2.5) and V*» q* in (2.15) are 
isomorphic under isometric linear transformation: 

@:Vr,Q = Kl^Q., \Q-ni,...nL)^\m,...nL)), {r,Q) = {Q* ,r*). (2.17) 

Consider the duality of rapidity curves between Wk' and Wi/k' ([48] (3.9)), 

Wk' ^2Hi/jfc/, p= {xp,yp,iJ,p) — >p* = {xp^,yp*,iJ,p*) := {i^ XpHp^i^ ypH~^ , ji'^), (2.18) 

so that the spectral parameter t is sent to t* = {—\)^t. Then the Boltzmann weights (2.14) with 

rapidities in and Wi/k' are related by = Wp*q*{k) , ^|yj^ = Wp*q*{N - k). ([48] 

(3.17)). Under the duality identification of quantum spaces (2.17) and rapidities (2.18), the r^^^- 
modelT(2)(t) QxidT{q),f{q) of CPM are equivalent to the dual models, T^'^>{t*) and T*{q*),f*{q*). 

1 The X% Z% r % Q^ ,Q.,T*(g^p*),f*(g^p*) here are denoted by X%Z%r,Q,W^,,Q,T*(g^p*),T*(^^ respec- 
tively in [48]. 
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Indeed, the following similar relations hold between r^^^-models and CPMs when {r,Q) = (Q*,r*), 
under the identification (2.18) for rapidities and (2.16) (2.17) for quantum spaces: 



Quantum space : Vr^Q K** Q* Vr*,Q*', 

r(2)- model: T^^\t), r(2)*(t*) = er(2)(t)e-i r(2)t(t*) = $r(2)*(r)$-i; 

CPM : r(«*) = ( '<i^Yei^'^^Q'\ ly^ = $r(«*)$-i. 

r(g)' T*{q*) \ W^PiO) J T{q) T^q*) T*iq*) 

Hence one obtains the duality between r'^^^-models and CPMs with k' and -rapidities: 

where ^(:= $0) is the duality correspondence which preserves the Hermitian metric of quantum 
spaces: 

L 

*:K,Q^V;.,Q*, \Q;ni,...nL)^\ni,...nl), (^n^^r) {r,Q) = (Q* ,r*), (2.20) 
([48] (3.12) (3.15)2 (3.16) (3.19) (3.22)). 

2.2 Duality in superintegrable chiral Potts model and r^^^-model 

For the rest of this paper, we consider the superintegrable homogeneous r^^^-model and CPM with 
pin (2.7) defined by^ 

p {=pik')) : ixp,yp,fip) = {r,-2co^,r,Kl) € W^', r,{= rj{k')) := (i^)^, (2.21) 

for < m < AT - 1, where k' / 0,±1 ([1, 4, 5, 41] for the case m = r = 0, [8, 11, 12] for 
m = 0,r G Zat, [44] for r = 0,m = ^^^y^, and [48] for r,m G Zjv.) The duality of superintegrable 
CPM has been discussed years ago in [8] for m = case. In this subsection, we summarize the 
results in [44] Section 3.5 about the superintegrable CPM for arbitrary r and m, but stated only 
in the homogeneous case. 

The L-operators L£{t) of (2.2) for p in (2.21) are gauge-equivalent to 



Uit)=\ , .1 i^o t:=a;™i-^t, 2.22 



by the diagonal matrix dia[r/2,l], i.e. dia[?72,l] • Li(t) ■ dia[ri 2,1]= L^(t) for all £. Hence the 
T^^^-models for all k' are the same when using the normalized spectral parameter t, a property 



^Tho Tp\t;p,p') in [48] is equal to T'-^^*{t*;p'* ,p*) iioro. 



■^Here we consider only the case no = for tlie liomogeneous superintegrable CPM in [48] where the vertical 
rapidity is defined by (sp, j/p, /itp) = {r]'^ui'^,r]i ,oj'^°). By applying the similar transformation on the local 

quantum space which changes X to the discussion for the case of an arbitrary no can be reduced to that 

of no = by the similarity relation of chiral Potts transfer matrices at p = (a^p, J/p, Mp) and p{i) := (a;^, j/p, u;*/Xp): 
Tiq{i);p{i)) = Z^'T{q;p)Z-^^u-^", T(g(i);p(i)) = Z^^fiq;p)Z-''^ for i = no. 
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which enables us to discuss the T^^\t,p{k')) simultaneous for all k'. It is well-known that the 
-r(2)_eigenvalues can be solved by the Bethe ansatz equation [1, 11, 12, 46, 48]. Express the r^^^- 
eigenvalue (2.9) in the form 

r(2)(i;p) = r(2)(t) = a;-^'^(l - a;-™t)^4^ + c^^^l " c^^^^^t)^^^ (2.23) 

where Pa, Ph are integers with < + Pfe < A?" — 1, and the roots of polynomial F(t) = n/=i(l + 
wvjt) satisfy the Bethe equation ([1] (4.11), [11] (6.22), [12] (16), [46] (4.31) (4.32)): 

'"'■ + ""'"'")^ = -a;-^-^^n^^i^^, z = l,...,J. (2.24) 



Note that a r^^^ -eigenvalue is uniquely determined by a triple (F, Pa,Pb) satisfying (2.24), and the 
corresponding r^^^-eigenspace will be denoted by £^F,Pa,P(,- 

Using (2.12), one finds the eigenvalue-expression of r^-^^-model, r(-''(t; j)) = T(^)(t), in terms of 
Pa, Ph and the Bethe polynomial F(t). In particular, one obtains the polynomial P(t) from r(-^)(t): 

F(t)^ ' P(tj-^ ^fe=0 +fct)^F(a;'=t)F{c^'=+lt) 

([1] (2.37) for the case iV = 3,F = 1, [11] (6.25), [12] (17) and [48] (2.23) (2.26) (2.33)). The 
Bethe relation (2.24) is indeed the polynomial criterion of the function P(t) in (2.25), which can 
be regarded as a t^-polynomial with t^-degree mg. 



iVmE = (iV-l)L-Pa-P6-2J-d£ for some < dfi < AT - 1, 



and P(0) / 0. Write P(t) in terms of its roots tf^'s, and define the (evaluation) polynomial Pev(?) 
of degree by 

P(t) _ (-l)™s 



AT 



(2.27) 



Denote 

tf + 1 1 + 



COS0, :=-^^p— = - ^, z = l,...,m£;, (2.28) 

t,- — 1 i aj 



and define the "normalized" reciprocal polynomial of Pev(C)- 

= nS^Pev(|) = ni^i(i - ar^e). (2.29) 

By the method of functional relations in CPM [19] , one can solve the T, T-eigenvalues through the 
polynomial P(t) in (2.25). The explicit form of T, T-eigenvalues are expressed by ([1] (2.22) for the 
case r = m = 0, [11] (6.14), [12] (21) for m = 0, r G Zjv , and [48] (2.36) for m,r G Zjv) 

^ Rm(y)^(l-x'^)^ ^ ^ a;'^6+'"(^6+^"'F(a)'"+l)^ f2 30) 
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r m(m+l)L+2mPa fl—^JV-j ^ 

where ai := {—l) uj 2 , Rm\z) '■= y^N-i-m — ■ — ^ A* ■= •= M j with the total 

llj=0 (l-I^^z) 

momentum 

5^ = ^-n.(m+l)L+n.(n-PJ^t:^M^^_ (2.31) 

Here the variables x,y,t are the normalized coordinates of Xq,yq,tq: 

x:=cj^x;\, Y:=y;\, t := a;%%, (2.32) 
and g{X) is the factor-function of P(t) in (2.25): g{X)g{X-'^) = with the expression 

gW^lf '^^'^-f-^'"" . (2.33) 

1=1 

where w^s are solutions for = in the following equivalent form of W^/ in (2.11), 

W,, ■.^-^w' = ^-^ + j^, {w:=^,). (2.34) 
Let Wi be the w-value in (2.34) for a zero of P(t) with 

Re((l - k')wi) > for k' G R. 

Note that Re((l — k')wi) — > 1 as k' — > 0, and Rc(i-^IZJj) — > ±1 as k' — > ±00. Any choice 
of Wi = SiWi (1 < i < ms) with Sj = ± in (2.33) gives rise to a T-(or T')-eigenvalue (2.30) with 
the norm-one eigenvector, denoted by v{s\, . . . , 8^^; k'). All such vectors form a basis of Sp^p^^p^ 
in (1.1), (when se = 0, v{s;k') = the norm-one base element in the 1-dimensional space £Y,Pa,Pb)- 
For rapidities q near p in 25^/, up to first order of small e, we have 

Xg = uj'^r]^l-2k'e), yq = rj^l + 2k' e) , fiq = 1 + 2{k' - l)e. 

Then f{q) is expressed by ( [1] (1.11)-(1.17), [48] (2.43) (2.44)) 

f{q) = 1{1 + (iV - 1 - 2m)Le} + eH{k') + 0{e^) 

where the Hamiltonian H{k') is given by 

with the boundary condition: Zl+i = ui~'^Zi, X^+i = Xi. By (2.30), one may regard (1.1) as the 
ii"(A;')-eigenvector decomposition of £Y,Pa,Pb with the iJ(A;')-eigenvalues: 

E{si, Sm^-k'){= E{s; k')) = a + k'f3 + N E^^l s,£(^i) (2.36) 

where a = 2P^ + Nms - {N - 1 - 2m)L, P = 2{Pb - Pa) - a, and e^Oi) = (1 - k'){wi), expressed 

by ^ 

s{9i) (= e{ei; k')) = ^/l + ¥^-2k' cosOi > for k' G R. (2.37) 
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(When SE = 0, El^l in (2.36) and U'^l in (2.33) are defined to be 0,1 respectively.) Note that 
for real k' , H{k') is an Hermitian operator of the quantum space 0^ with the Hermitian 
form inherited from local spin basis. Hence H{k') is indeed an Hermitian operator of S^^p^^p^^ with 
the induced Hermitian metric. Therefore (1.1) can be regarded as an orthonormal eigenvector 
decomposition of fF,p„,P(, with the real eigenvalues (2.36): 



v{s;k')v{s'\k') = 5s^s>, s = (si, . . . , s^^), s' = (s'^, . . . , s^^) for fc' G R. (2.38) 

Then {v{s; ^Olfc'eR forms a continuous family of orthonormal basis of £F,Pa,Pb with the ±00- 
monodromy relation v(s;+oo) = X{s)v(—s; —00) for some A(s) € C* with |A(s)| = 1. For the 
description of duality symmetry, we also need the following /c'-state basis of £Y,Pa,Pb continuous at 
k' = 00: 

^.„...,.^,;fc)(=^.;fc)):= | . _ if < 0. (2-39) 

The T, T-eigenvalues (2.30) of wis^ k') are given by setting Wi = -^SiWi in (2.33), with the H{k')- 
eigenvalue 

E{si, SmE;k'){= E{s- k')) = a + k'P + N ^TJi || ^^^(^i)- (2-40) 

Note that Re((l - k')-I^Wi) — > ±1 as k' — > ±0, and Re{^j^Wi) — > 1 as k' — > ±00, 
corresponding to the continuity of w(s;k') at 00 with the 0^-monodromy relation w{s;0'^) = 
X{—s)~^w{—s;0~). Hence we have CPM eigenvector-decomposition of the r^^^-eigenspace for large 
k': 

£F,Pa,Pb = C wis; k') with s = (si, . . . , Sm^), ^ fc' G R U {00}. (2.41) 

s 

Note that v{s; A;')'s and w{s; A;')'s are uniquely determined by their eigenvalue (2.36) for a general 
k' up to a norm-one scale factor. In the rest of this paper, we shall also write v{s; k') or w{s; k') as 
the norm-one vector up to a factor if no ambiguity could arise. 

By (2.18), the dual rapidity p* of the superintegrable p in (2.21) is again defined by (2.21) for 
T]* = r}{l/k'). Hence the dual r^^^-model, r(2)t(t*), and CPM, T\q*) [q*) , (with the boundary 
condition r* = Q, and charge Q* = r) in (2.19) are again defined by (2.22) and (2.30), but 
using the coordinates t* , x* ,y* , fi* , quantum numbers P*,P^,--- and the Bcthc polynomial F*(t*). 
The relation (2.19) in turn yields the following identification of normalized variables and quantum 
numbers ([48] (3.24))'' : 

X* = x/i, y* = y/i"\ fi* = ij,-^, t* = t, 

P* = Pa, P; = Pb, P^^r, P;^Q, (2.42) 
J* = J, m% = THE, a\ = ai, 5Jj = Sr 

with F*(t*) = F(t), P*(t*) = P(t), g*{\*) = A"*^g(A), and (1 - k')wi = k'{l - k'-'^)Wi. In 
particTilax. both T^'^'^(t) and r'^^^^(t) are defined by the same L-operator (2.22), with the identical 



In m = case, the duality was found by Baxter in [8] where the variables x, y, fi and Xd, ya, IJ-d in (2-1), (5.4) there 
are correspond to x, y~^,y/i~^ and x*, y*~^, y*/i*~^ respectively in this paper. 



11 



eigenvalue (2.23), but ^'-related as operators in (2.19). Note that the monodromy matrices (2.2) of 
r(2) and r^^^t.^odel are not related by The Hamiltonian H^{k'-'^){= + k'-^Hl) of T f {q*) 
is ^'-similar to H{k') in (2.35): 

H{k') = k'^^-^H^k'-^)"^ (^ Ho = ^^^i?}^, Hi = "^-^hI"^). (2.43) 

Hence ^ in (2.20) induces an isomorphism between the r^^^-eigenspaces fF,Pa,P6 in K,Q and f| 
in Vr*^Q* which sends a /^'-eigenvector to a /c'~^-eigenvector with the same eigenvalue with the linear 
terms related hy a = = . Since E{s;k') = k'E^s;k'~^), ^{w{s;k') is equal to v^{s;k'~^) 
up to a norm-one factor. Indeed, we have 

w{si,...,Sm^;k')^X{-s)iff{si,...,Sm^-k'-'), A(-s) = nllK-Si), ^2 44) 

v{si,...,SmE;k') X{-s)w^Si, . . . , Smjslk'-'^). 

The factor ±1 in above are derived from the Onsager-algebra structure of £Y,Pa,Pi, = p^ with 
the identification of Onsager-algebra generators, Hq = h\ and Hi = Hq in (2.43), which we shall 
discuss in Subsection 3.1. 

2.3 Quantum numbers and Bethe equation in superintegrable r^^^-model 

In this subsection, we describe the complete constraints of quantum numbers in the superintegrable 
CPM, which consist of fours types of sectors, then discuss their relationship under the duality rela- 
tion of CPM. Furthermore we describe another reflective symmetry between sectors with conjugate 
total momentum through the relation among solutions of Bethe equation 

The integers Pa, Ph and P^ in (2.30) are indeed quantum numbers of the superintegrable r^^^- 
modcl, depending only on the genvalue. By the finiteness of Boltzmann weights as Xq or ijq 

tending to zero in (2.30), together with the behavior of the leading and constant terms of T^'^\t) 
([46] (4.26) (4.27)), one finds Pa,Pb are non-negative integers satisfying 

0<Pa + Pb<N-l, Pb-Pa = Q + r + {l + 2m)L (mod TV). (2.45) 

Furthermore, there are further constraints involving the number J in (2.24)^, which are classified 
into four types ([46] (4.36) (4.37), [48] (2.25)): 

/+: Pa = 0,Pb = mL + r- J, 7_ : Pb = 0,mL + Q - J = 

(z.46l 

i+: Pa = 0,Pb = mL + Q - J, i_ : P^ = 0,mL + r - J = 0. 

The finiteness of Boltzmann weights when /ig or //~^ tends to zero yields the integer P^{^ r 
(mod A^)) satisfy the relation: 

Pb-mL + J<P^<{N-l- m)L -Pa- Nuie -J {=Pb-mL + J + ds), (2.47) 



^The number J here is denoted by nip in [1]. 
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where (Ie is defined in (2.26) (for m = case, see [12] (22)-(24)). Since is an non-negative 
integer less that N, P/j, is uniquely defined by (2.47), hence determined by Pa,Pb and J. Using 
(2.45) and (2.47), one finds the quantum numbers of sectors in (2.46) are given as follows: 



I+- 


Pa 


= 0, Pb = mL + r- J, 


Q = 


-{l + m)L- 


-J, 






= Pb — mL + J; 








7_ : 


Pa 


= -{l + m)L-r- J, Pb = 0, 


Q = 


—mL + J, 








= (TV - 1 - m)L -Pa- NruE - J 








i+ : 


Pa 


= 0, Pb = mL + Q - J, 


r = ■ 


-{l + m)L- 


J, 




P, 


= (N -1- m)L - NruE - J: 








i- : 


Pa 


= -{l + m)L-Q-J, Pb = 0, 


r = ■ 


-mL + J, 






P, 


= —mL + J, 









(2.48) 



by which, the linear term in (2.36) can be written as 

i {Pb-Pa-dE) + k'{Pb -Pa + dE) for sectors in 7+ U i_ ; 
a + fc p = < _ (z.49j 

[ {Pb — Pa + dE) + k {Pb — Pa — dE) for sectors in 7 Ui+. 

Note that there are common sectors in (2.48), indeed 



/+ n /_ = i+ n i_ : P„ = P5 = = (1 + 2m)L + 2r (= (1 + 2m)L + 2Q); 
\ I±=i± \i r = Q, 

[ otherwise, (2.50) 

/+ n i_ : Pa = Pb = ^^mL + r - J ={l + m)L + Q + J, 

/_ n z+ : P„ = = = (1 + m)L + r + J = mL + Q-J. 

By (2.45) (2.48) and (2.49), the above first case is characterized by either one of the following 
equivalent conditions: 

I+nI- = i+ni-:Pa = Pb = 0,Q = r <^ a + k'p = 0. (2.51) 

Since the quantum space Vr^q in (2.5) is the union of <?F,Pa,-Pf, with Pa, Pb satisfying (2.45): 

Vr,Q = \J{SF,Pa,P,\Pb - Pa = (1 + 2m)L + g + r, F : Bethe polynomial}, (2.52) 

one may determine those sectors in (2.46) which appear in the above relation. Indeed, for fp.Po.fb 
Vr,Q, by (2.48) and (2.50), in the case of (1 + 2m)L + Q + r = we find 



Pa = Pb = 0, iF,Pa,Pb)e 



I+nl- = i+n i- , if r = Q, 

(/+ n i_ \ (/_ u i+)) U(/- n i+ \ (/+ U i_)), if r ^ Q, ; 



and when (l + 2m)L + Q + r ^ 0, {Pa,Pb) = (0, (l + 2m)L + Q + r) or (-(1 + 2m)L - Q - r, 0) with 
(F,P„ = 0,Pb) G 



(F,P„,Pb = 0) G 



/+\(I_Ui_) = z+\(I_Ui_), if r = Q, 

(/+ \ (/_ U f_ U n)) U(h \ (/- U i_ U /+)), if r ^ g; 

I_\(/+Ui+)=i_\(/+Ui+), ifr = Q, 

(/_ \ (1+ u i+ u i_)) u(i- \ (/+ u i+ u /_)), if r / g. 
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The dual model r(^^^(t) in (2.19) also consists of four types of sectors, I±,i± as in (2.48). By 
(2.42) and the identification of their quantum spaces by ^ (or *^) in (2.20), the sectors of r^^^- 
and T^^)^ -model with equal J are identified under duality according to 

i± i — > I^, I± i — y respectively, (2.53) 

which are consistent with the decomposition in (2.52). Note that = u'^'^* Sr ([48] Section 3.1), 
and the eigenvectors of T''^^(t) and T''^^^(t) correspond to each other under ox '^'^ . Using (2.42) 
and (2.48), one finds the exact relation between quantum numbers and P* of the dual sectors 
in (2.53): ziz dE = Pj^- In particular, all sectors (F,Pa,Pb) G 1+ H I_ = i+ Pi i_ in (2.51) are 
fixed by the dual correspondence (2.53), hence ^ in (2.20) induces an automorphism of S^^ p^^p^y. 

Next we establish an one-to-one correspondence between sectors in /_|_ and J_, also between 

J 

J 



and i-. For non-zero complex numbers Vj's with F(t) = n/=i(l +0JVjt), we define 



F'(t) = n(l + Kt), v;. := v-ia;-3-2- (1 < j < J), (2.54) 



which is related to F(t) by 



F'iu'^t) = —J -t''F(a;i+"^t-^). (2.55) 

11^=1 



-{2+m)J 



Note that the relation between Vj and v^- is "reciprocal", i.e., = Vj and F"(t) = F(t). 
Lemma 2.1 Assume Pa,Ph o,nd Pa, Pi are integers satisfying the relation 

Pa + Pb + Pa + Pi = -{L + 2J) (mod AT). (2.56) 



(i). {vj}^^]^ is a solution of Bethe equation (2.24) for {Pa-, Pb) if o.rid only if{yj}j=i is a solution 
ofBethe equation (2.24) for {Pa,Pi)- 

{ii). Xei r(2)(t),r'(2)(t) be the t^'^'^ -eigenvalues in (2.23) for {Pa,Pb,F) and (P^,P^,F') respec- 
tively, and P(t),P'(t) be their corresponding -polynomials of degree mE,m'^ in (2.25). Then 

T'(2)(a;"»t) = a;-P6+-P»+-^+^(-t)^r(2)(a;'"-it-i) 
(^ r(2) (^'"t) = a;^o+P^+i+J(_t)ir'(2) (oj^^'H-^)), 

and P(t),P'(t) satisfy the following reciprocal relation: 

^p^+m(p^+p,')(]J v;.)P'(t) = coP^+"^(P^+P^){l[ v,)P(t-i)t^™^, (2.57) 

with 

mE = m'E, Pa + Pb = d'E, Pa + Pl = dE (2.58) 
where dE,d'E are defined in (2.26) /or P(t), P'(t) respectively. 
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Proof. It is easy to verify (i). The relation of r^^^ -eigenvalues in (ii) follows from (2.55), by which 
the term (1 - uj-'"+H)^F' {ojH)F' (u'^+H) in the expression of P'(t) in (2.25) is equal to 

J 

(^-l)L^-m(L+2j)+k{L+2j)^Y[ v'jvf)t'^-^+^{l - a;"*-'=t-i)^F(a;-^+2"*t-^)F(a;-^+i+2™t-i). 

Under the condition (2.56), one can write P'(t) in the form 

J J 

^P,'+m(P^+P^) (^J-j- v^.)P'(t) = t(N-l)L-2J-NmE-{Pa+Pb+Pi+Pl)^Pb+m{Pa+Pb)^J^ Vj)t^"'^P(a;^™t"^). 

i=i j=i 
Since P'(0) ^ and is the t^-degree of P(t), the above expression yields 

(TV - 1)L - 2J - NniE = Pa + Pb + P'a + Pi 
hence we obtain (2.58) by (2.26). Then follows (2.57) by Y>{u'^"'t-^) = P(t-^). □ 

Remark. By (2.57), the roots of P'(t) and P(t) in the above lemma are reciprocal. Hence the 9[, 9i 
for P'(t),P(t) in (2.28) are related to = tt — for 1 < i < itie, and the evaluation polynomial 
(P')cv(O of P'(t) in (2.27) is equal to the polynomial in (2.29): (P')ev(O = KviO- 

With {Pa,Pb) G I±,i± and {Pl^,Pl) € I^ii^ respectively with the same J in Lemma 2.1, the 
condition (2.56) holds by (2.48). Therefore, one finds the one-to-one correspondence of sectors in 
(2.46): 

(F, Pa, Pb) G I±,i± ^ (F', P^, Pi) respectively (2.59) 

where F' is in (2.54), with their r*^^-* -eigenvalues and P-polynomials related in Lemma 2.1. Further- 
more, by (2.48) and (2.58), the linear terms of sectors in (2.49) are related by 

I±:a = a',P = -/?'; i± : a = -a', P = (2.60) 

By (2.55) and (2.48), the total momentum Sii,S'j^ (2-31) of two sectors in (2.59) are related by the 
following conjugate relation: 

SrS'j^ = w(2"»+i)'- or uj^^^+^)Q for {F,Pa,Pb) G I± or i± respectively. (2.61) 

Denote the boundary condition and Zjv-charge of £F,Pa,Pb ^^'^ ^f',p^,p^ in (2.59) by (r,Q),{r' ,Q') 
respectively. Then {r,Q) = {r',Q') if and only if L -|- 2 J = (mod N); and when L + 2J ^ 0, 
r = r',Q Q' in the case I±, and r ^ r',Q = Q' in the case i±. In particular, the condition 
(2.51) is preserved under the conjugate correspondence (2.59) with r = Q = r' = Q', in which case 
SnS'ji = cu^'^'^+'^y. The sectors fixed by (2.59), i.e. (F,P„,Pb) = (F',P^,P^')> are characterized by 
the following condition by Lemma 2.1: 

Pa = Pb = 0,Q = r, Fioj^t) = i^^-^t^F(a;i+™t-i) 

11=1^^ (2.62) 
(O r(2)(a;"*t) = a;-^+'^(-t)^r(2)(a;"^-it-i)). 
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with Sr = ±oj 2 . In this situation, P(t) is a t^-polynomial with t-degree Niue = {N — 1)L — 
2 J, satisfying the reciprocal condition 

J 

P(t) = Vj2)P(t-^)t^"*^, P(0) = N. 

Note that the condition for F = 1 (i.e. J = 0) satisfying the relation (2.62) is Pa = Pb = Q = r = 
0,L = 0, where Sr = 1. 

In Subsection 3.1, using the Onsager-algebra symmetry of the eigenspaces, we indicate the 
existence of a canonical isomorphism between £^f,Po,P(, and £^f',p^,p^ with the basis correspondence: 

I± 9 ^F,Pa,Pi, ^ w{si,...,SmE;k') < )■ w'{-Si,...,-SmE;-k') € ^F',P^,P^ £ , 

i± 3 £?,p,,Pi, 3 v{si,...,SmE;k') < — > {-l)""^v'{-si,.. .,-SmE\-k') e £f',p^,pi e z'F. 

Indeed, later in Proposition 4.1, we shall show the above correspondence is induced by the spin- 
inversion operator of the quantum space. Note that the duality of r^^^ -model interchanges J+ 
(z+) and /_ (z_)-sectors in (2.53) with the same Bethe polynomial by (2.42), hence the inverse 
correspondence (2.63) commutes with the duality relation. 



3 Onsager-algebra Symmetry and s/2-loop-algebra Symmetry in 
Superintegrable T*^^^-model 

In this section, we study the degeneracy symmetries of an Onsager sectors in a superintegrable 
r^^^-model, and examine the relationship of CPM ^^'-eigenvectors under the duality and inversion 
relations. We also describe a procedure of constructing the A;'-state vector of superintegrable CPM 
through these symmetries. 

3.1 The Onsager algebra structure of superintegrable r*^^) -eigenspaces 

The CPM /c'-vectors in (1.1) or (2.41) can be studied through the superintegrable chiral Potts 
quantum chain H{k') in (2.35) with the structure known since decades ago [8]. For our purpose, 
an explicit and precise relationship between CPM fe'-eigenvectors for different k's is needed. We re- 
examine the Onsager-algebra symmetry of superintegrable chiral Potts quantum chain through the 
theory of Onsager-algebra representation [23, 24, 40]. Since the pair of operators, and , 
satisfy the Dolan-Grady relation [29], the Hamiltonian H{k') gives rise to an Onsager-algebra 
representation on S^^p^^p^ [24, 39]. It is known that the Onsager-algebra can be realized as the Lie- 
subalgebra of the loop-algebra sl2[z, z~^] fixed by the standard involution {e'^jh, z) -H- (e^, —h, z~^) 
[40] , and any irreducible representation of the Onsager algebra is always induced from an irreducible 
sZ2[2, z~''^]-representation by evaluating 2; on a finite number of non-zero values not equal to ±1 
[23, 24]. For the Onsager-algebra representation £-p,Pa,Phi the //(A;')-eigenvalue expression (2.36) for 
the basis in (1.1) yields that the 5^2 [2, z~^]-representation is obtained by evaluating z at e^^^'s related 
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to zeros of P(t) by (2.28), equivalently e^^* = ^^72 — ? then applying the spin-i 5/2-representation 
on each evaluated factor. 

In this subsection, we discuss the structure of i7(A;')-eigenvectors of £Y,Pa,Pi, in (2.38 ) for k' G R. 
First we note that 0j's in (2.36) are real with < 0^ < tt, equivalently the roots tf of Pev(C) in 
(2.27) are all negative real, — oo < < with Im(t^''^) < 0. With the Hermitian form induced 
from the quantum space 0^ C^, E^^p^^p^ carries a C^-product structure: 

^F,p.,p, = ®T=\Vi, Vi = Cb+ + Cb- (^ C^), (3.1) 

so that the basis in (2.38) and (2.39) can be expressed as a product form as follows. Indeed 
as operators of £Y,Pa,Pi,i ^-nd form an irreducible representation of Onsager algebra, 

considered as a subalgebra of sl2[z, z~^] with the identification "^jf- = ef + and = zef + 

z~^ej . The representation space Sp^p^^p^ is factored into product of m^-copies of spin-^ sl2- 
representation by evaluating z at e'^' at the ith. factor Vi in (3.1), where are the basis for spin-^ 
representation. Let ef,hi be the standard operators of the special Lie-algebra sl{Vi) with respect 
to the basis b^, and Jf := , Jf '■= Jf '■= ^ are the unitary operators. Then the 

Hamiltonian H{k') on £F,Pa,Pi can be expressed by ^: 



Hik') =a + k'/3 + N YT=i 4 + e," - fe'(e^^»e+ + e-'^'er) 

V { (3-2) 

= a + k'P + 2N Y.T=i ( (1 - cos ei)Jf + k' sineiJf] . 

One may use the above formulas to find the expression of ii"(A;')-eigenvectors, i.e. v{s; k') in (1.1) 
or w{s; k') in (2.39) in terms of b^'s. Corresponding to the zth component of the ii"(A;')-eigenvalues 
(2.36), (2.40) of v{s;k') and w{s;k') for 1 < i < niE, we define the angle-functions, depending on 
k' and 9i in (2.28), by the following analytic relations: 

t/ 1-fc'cos gi-ife'singj i(p, y | fc' | ( 1 - fc' cos 6^ -ifc' sin ) /q o\ 

where e{9i;k') = VI + k''^ - 2k' cos in (2.37), and "di^u' i'fi,k' satisfy the relations: 

{k' e R) : i9i,_oo = 27r + Oi, ^^^^x = 27r + |, ??i,o = 27r, = ??i,+oo = tt + 0^; 

</fi,jk' (fc' e R* U {oo}) : (^j^o- = (/^i -1 = TT I, (^1,00 = TT -I- eii, <y3i,i = (^j_o+ = 27r, 

Note that = ^Pi^^i for /c' > and i^j^fe/ = (^j^^/ -|- tt for k' < 0. Using the relation e{9; k') = 
\k'\e{e;l/k'), one finds c'^'fi^.k'+^^,l/k'-Oi) = hence cpi,k' + ^i,i/k' = 37r + Since the H{k')- 
eigenvectors are obtained by diagonalizing the V^-operators in (3.2), we consider two A;'-basis 

(3.4) 

C^k' + C v"^. , (v+ , , v; ) = (b+ , br ) 







,/2 ^ 








./2 


) V2i 






V2 N 




e-i'^i./i'/a 




/2 





''The second relation in (3.2) for i_-sector with J = 0, when changing Pa, k' , 6i, Jf , Jf to Q, —k', tt — 9i, —Ji, —Jf 
is the same as [8] (2.20). 
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Then 



(3.5) 



with (-wrp_,w+o_) = (v+o,vro) = (w+o+,wrg+) , (vr_^,-v+_^) = (w+^.w^^) = (v++^,vr^^). 
Using 

_ / e-'^^/2 -ei'''/2 \ _ / _i _i \ 

(b+ ) = (w+^,w.^) ■^ie,/2 jvTi = «o>v,,o) ^ _i J 71' (^-^^ 

the basis w^fc/,v^^,,, in (3.4) can be expressed by w^^^ or v^q respectively: 



( + - \ _ ( + - \ \ 2 2 

iV'V''' -Koo'Wi,ooi| pog^MiZ^ sin-'''-^'"^' 



2 



1?; 1./ . 1?, I,/ 

+ „- N I cos^ -sm^ 



(3.7) 



sin _ cos 



With respective to the basis w^^, of Vi, one has ef^.,, hi^k' as the standard generators of the special 
Lie-algebra sl{Vi) with the unitary basis J^^''^ = fi^^^^i^, — (fw_fi^^ respectively. Similarly, 
for the basis vf^'^ ^® have sZ(V^)-generators e^j^.,, hi^k' and the unitary basis j^'^/^ with the relations 
J^l' = M-^^^''' ^Ik' = Using (3.2) (3.4),' one finds 

H{k') =a + k'^ + 2NYTJiw\<^i)Jtk'=oc + k'^ + 2NYn<miw- 

The above formulas provide the following expression of i7(fc')-eigenvectors w{s; k') or v[s; k') with 
eigenvalue E{s;k') or E{s;k') in (2.40), (2.36) respectively: 

wis;k') = w{si,...,sm^;k') = v{s;k')=v{si,...,Sm^;k') = (8)^^^. (3.8) 

By (3.5), the relation (2.39) holds for A(.s) = 111=1 ^i- shall consider is a vector space with a 
Hermitian form induced from b^, and w^^j/'s or vt^^,'s form a continuous family of Vi. Then iB{s;k') 
or v{s;k') in (3.8) form an orthonormal basis of £F,Pa,Pi, as in (2.39) or (1.1). By (3.6), H{k') can 
also be expressed by the sZ2-operators for A;' = 0, oo: 



H{k') =a + k'P + 2N YT=l (k' - cos ^^^f oo - sin 6*^ Jf , 

> ' ' (3.9) 

= a + k'P + 2N Ui-k' cos 0^ jf q + k' sin 9afA j . 

The second expression in (3.9) is the usual matrix expression of H{k') in literature, e.g. [8, 15, 30]'''. 
From (3.2) and (3.9), one then can express the eigenvectors of H{k') for an arbitrary real k' in 
terms of i^(0)-eigenvectors or i?(oo)-eigenvectors. Indeed, by (3.7), one finds 

^i,k' - ^s'^=±l ^i,oo sml 2 ^ 4 )' 

Si ^'i ■ /"^i k'~''^ , {Si—s'.)-K ^ 

^ijy = Es;=±i v,;o sm(^^ + '-^-^) 



^The matrix form of H{k') in [8, 15, 30] is with respect to the basis v^q, hence differs from the expression here by 
the Jx-similar relation. 
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hence the basis elements at k! in (3.8) can be expressed by v{s'\Qi) or w{s' \oo) by^ 

w{si, ...,SmE;k') = Es[,...s'^^ w{s[, s'„,^;oo) UTJi sin(^^^V^ + ^''7''"' )' 

v{s^,...,sm,;k') =E4,....;„^^>'i,---,^;„,;0)nr4sin(^ + (^). 

The basis w{s'; oo)'s or v{s'; 0)'s will be served as the basic r^^^ -eigenvectors of a sector. In Subsec- 
tions 3.2, 4.2, and Section 5, we shall derive a scheme of producing a local-spin- vector form of the 
basic r*^^)-eigenvectors. The formula (3.10) then provides the ^'-dependent state vectors of CPM 
in terms of the local spin basis. 

Next we consider the relation between the chiral Potts quantum chain H{k') and H^{k'~^) = 
Hl + k~^H\ of (3.2) at k''^. By (2.19), (2.42) and (2.43), the T(2)t-cigenspacc Sl^p^^p^ of boundary 
condition r*(= Q) and charge Q*{= r) sector can be identified with r'^^^-eigenspace £F,Pa,Pb through 
ip. As the same Onsager-algebra representation by identifying Onsager-generators Hq = h\,Hi = 
-^0' ^1 Pa Pb ~ "'^ith Vi in (3.1) expressed by the basis as those in (3.1) and (3.4): 

4p„,p, = ®TJiy^^ V, = Cbt+ + Cbt- = Cw;+ + Cwt- = Cvt+ + CvJ-, , (3.11) 

where the basis wj^,, vt"^, are related to bj^ by the same relation in (3.4). The equality H{k') = 
k'H^{k'~^) yields the equality of linear terms a = = and the Onsager-algebra forms of 

H{k') and H^{k'-^): 

Jf = - cos Oijf + sin eijy\ - cos OiJf + sin e^f = Jf (z = 1, . . . , mg), 

by which the basis bj^ , of satisfy the uniquely unitary relation (up to ± sign) : 

By (3.4) and the relation (^j -|- jfcz = Oi + 37r, one finds 

then follows the relation (2.44) by (3.8). 

We now examine the Onsager algebra structures between the inverse sectors in (2.59). First 
we consider the case when £F,Pa,Pb ^ ^± S'^, p, p, G /zp in (2.59). By Remark of Lemma 2.1 
and (2.60), the linear terms of H{k') of £F,Pa,Pb (3-2) and H'{—k') of p, p, arc related by 
a + k'l3 = a'-k'P', and the angles 61,'s oiH{k') in (3.2) are related to 6'^'s oiH'{-k') by 6'- + 6'i = vr 
for 1 < i < niE- Identify £L p, with p p in (3.1): 

£t',p^,p! = ^TJiVi, V, = cb:+ + cb;- 



*By (3.7), H(A;')-eigenvectors indeed induce a R-structure of £F,Pa,Pb for fc' e RU {oo}(:= RP^). The eigenvectors 
w{s;k')'s or v{s;k')'s form a continuous family of orthonormal basis for k' 7^ 0, 00 respectively, but not for all 
k' e RP^. In the terminology of algebraic geometry, //(fc')-eigenvectors form a torsion vector bundle over RP^ with a 
R-structure. The bundle is trivial over RP^ \ {0} and RP^ \ {00} with local trivial structure using the central bundle 
w(.s'';oc), v{s';0) respectively. The relation (3.10) is the expression of w{s;k') or v{s;k') in the local trivial-frame 
coordinates. 
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with the factor Vi expressed by 

v.=c^+ cb- = cw:j, + cw-, (w:j„w- ) = (br,b^-) I 1 



where e'^*.*' := M(i _ fc'cos^^ - ifc' sin00/e(0^ A;') as in (3.4). Since e{e'--k') = e(0j;A;'), we find 
e"^<,-fc' = —1^ hence (^^ + (^j^fc/ = Stt. With respect to the basis b^"^ of Vi, the Hamiltonian 
H'(k') on f p, p, can be expressed by 



lilt) / 

H'{k') = a' + k'0 + 2iV ^ ( (1 - cos 0^) Jf + A;' sin 0^ J^^ 

i=l ^ 

The relation = H'{-k'), i.e. i?o = H'q,Hi = -H[, is equivalent to a = a' , P = and 

Jf = Jj'^, J]' = — Jj'^ for all i. This yields the unique (up to it-sign) unitary relation between b^ 
and h'^: 

(b+,br) = (-br,-b;+), 

which implies 

Then follows the isomorphism in (2.63) for /^-sectors. For i-sector case, the duality isomorphism 
(2.44) sends i± 3 S^^p^^p^^C Vr^g) and 3 4/_p^,p/(C V^'.q) to I± 3 4,p„,Pb("^ K*,Q*) and 
I^: 3 £'J, p, pi{C Vr*,Q'*) respectively with Q* = r,Q'* = r'and r* = Q. Then the inverse relation 

' ft' b 

of p„ Pu and £', p, in (2.63) follows from the inverse relation of f I p p and S'l p, p,. 



3.2 The si2-loop algebra structure of superintegrable r^^^-eigenspaces 



In this subsection, we define a loop-algebra sZ2[-z, -z" ]-structure on £-?,p^^p^ based on the ( © SI2)- 
structure (3.8) of E-^^p^^p^ at A;' = or 00. The choice of k' is suggested by the structure of Bethe 
state of £T,Pa,Pb later appeared in (4.36) and (4.37) of Subsection 4.2. For convenience, we introduce 
the following notions for the basic r^) -eigenvectors: 

N { w{s; 00) if (F,P„,Pfe) G /i, 
u(s)(=u(si,...,s„^) = <^ •f/T.p p^^■ (^-^2) 

[ t;(s;0) if (F,P„,P5) G z±. 

Using the above basis, the ( © sZ2)-structure of £T,Pa,Pb consists of operators hj, ef for 1 < z < niE 
defined by 

hj . u(si, . . . , Sj, • • • , Sfn^) I y >Sju(si, . . . , Sj, . . . , Sm^), 

: u(si, . . . , Si, . . . , s^b) ^ ^i^u(si, • • • , 

We use the bold-face character hj,e^ as the generators of a sZ2-product structure of £F,Pa,Pb to 
distinguish from hi,ef of Subsection 3.1 in the discussion of Onsager-algebra structure of £F,Pa,Pb- 
The sZ2-loop-algebra structure of £F,Pa,Pb 'wih be defined through the operators hj,e^ in (3.13). In- 
deed, using the product structure in (3.1), u(s) = (8)™^u^* with = w|'^, or v|'q, then (hj,e^) = 
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(^i,oo,e^oo) i^ifi^^to") according {F,Pa,Pb) G I± or i± respectively. For {F,Pa,Pb) e I±ni± 
or /± n Zip, there are two sZ2-product structures of £F,Pa,Pb, one induced from w{s; oo), denoted 



by e^^, and the other, uo(.s), hj^o, q, induced from v{s;0). By (2.44), one has 

^'(uoo(s)) = Yl^ii— Si)uo{s) . For a s/2-pi'oduct structure of <?F,Pa,P(, in (3.12), we use the evaluation 
polynomials Pev(0 in (2.27) to define a s/2[-z, -z^^] -structure of S-p^p^^p^ as follows. For g = e^,h G 



s/2, the element gz" in 5/2(2, 2 ^] will be denoted by g(n) 
the loop algebra is generated by the Chcvallcy basis, Ei = 



gz" for n G Z. It is well known that 
(0),Fi 



e+(l),Hi = -Ho = h(0). Indeed, using h(l) = [e+(l), e-(0)], h(-l) 



e-(0),Eo = e-(-l),Fo = 
= [e+(0),e-(-l)], the rest 
loop-algebra operators are given by adj^(^)(e^(0)) = (±2)"e^(Ti) , adh(_^)(e^(0)) = (±2)"e=^(-n) 
for n > 0. The loop-algebra structure on £'f,p„,Pj is obtained by evaluating the loop- variable z on 
the inverse roots a^'s of Pev(0 in (2.27): 



5/2(2;, 2; ^] — )■ sI{£f^p^^p^), g(n) 1-^ giaf , (g = e=^, h, n G Z), m := ruE, 



(3.14) 



i=l 



where gj's are the operators in (3.13). Wc shall also denote the image of g(ra) in above by the same 
letter g(n) if no confusion could arise. Then the iSF,Pa,P(,-operators g(n)'s satisfy the loop-algebra 
condition. In particular, the Scrrc relation holds: [e^(j), (j), [e^ (j), e^(/c)]]] = for j ^ k and 
J, /e = 0, 1. One may express the product operators in (3.13) in terms of loop-operators in (3.14). 
Indeed, we define the polynomials of degree (m — 1) associated with Pev(0)Pev(0 in (2.27) (2.29): 



Pev,.(0 = f^rg, Pev,.(^) = l^' (l<J<m), 



which are related by Pevi(0 = Pevj(C ^)(~0™ ^ Ili^^i ^- The inverse of relations (3.14) for 



'^0^'^^^0 + ni— 1 with a fixed no G Z 



(g(no),...,g(n),...,g(no-Fm-l)) = (gi, g2, ■ ■ • , gn 



/ a 



no 
1 



a"0 
^2 



a no 



3-2 



no+m-1 
^1 

no+m-1 
^2 



gno+m-1 J 



yields 



(gi, g2, • • • , gm) = (g(no), . . . , g(n), . . . , g(no m - 1)) 



'-0,1 



,"0 

^1 



^k,2 
,"0 
^2 



fc,m 
= "0 



m— l,m 



, (3.15) 
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where k := n — no, and c^j's are defined by p7 

(3.14)no-m+l<n<no yields 



Pcv,,(C) 



cv.J 

F 



0^ Equivalents, the inverse of 



(gi, g2, • • • , gm) = (g(no), . . . , g(n), . . . , g(no - m + 1)) 



V 



co,i 
TWO 

^1 



TWO" 
^1 



Cm-1,1 



CO, 2 
TWO 
^2 



Cfc,2 
TWO" 
^2 



Cm- 1.2 



where k := uq — n , and YliLo^ (H,j^ 



AO 



CQ,] 



Cfc.i 



Cm — 1 , m 
,"0 



. Note that by c'l^ j = Cm-i-feja^- the relation 



, (3.16) 



(3.16)„/^ is the same as (3.15)„o with ng = no + m — 1. The relation (3.15) or (3.16) enables one to 

construct a local spin operator form for s/2-operators gj's from the loop-algebra operators g(n)'s 
through the polynomial Pev(0 if the local-spin-operator form of g(n)'s arc found. This method 
has been employed in the study of ground state sector in [3, 4]. For this purpose, we consider the 
following loop-algebra currents on Sf,p^,p^ ([27] (1.20), [43] (4.35)): 



E-(a = Ee"(^)r, E+(a 

n=0 

whose poles both coincide with zeros of Pev(0- 



n=l 



(n)e 



n-1 



Pev(OE-(0 = Er=i n,^.(i - a,o = EL"o'(-i)Vfc e^ 

Pev(OE+(0 = E™ 1 4^ UjM^ - a,0 = Er=o'(-l)V^e^ 



(3.17) 



(3.18) 



with = e-(0),p-_i = {UT=i^)e-{-l), and p+ = e+(l),p+_i = (RI^i a,)e+(0). The 
operators (1 < i < m) are related to E='=(^) by (3.16) respectively. For the problem of CPM- 
eigenvectors in Sf^p^^p^, it suffices to find an expression of the following states and operators in 
terms of local spin basis: 



Sector/+,i+: (u(+, ...,+), £-(0) 
Sector : (u(-,...,-), E+(0) 



(3.19) 



where ii(s)'s are defined in (3.12). Using (3.16), one can derive the local-spin-operator form 
sZ2-operators ef {1 < i < niE) from E='=(^) respectively. Then the local-spin-vector form of 
u(si, . . . , Smj;) are given by 



U{si, . . . , SruE) 



(ns,=-i Si )u(+, •••,+) for sector 
{Ilsi=i4)^i-^---^-) for sector I_ 



(3.20) 



Using (3.10), one then express the ^'-dependent state vectors of CPM in terms of the local spin basis. 
Wc are going to construct the local spin form of states and operators in (3.19) by the algcbraic- 
Bethe-ansatz method through the equivalent XXZ-chain of the sup erintegr able r'-^-'-model as in 
[37, 38, 43]. The vector in (3.19) has been identified with the Bethe state in £F,Pa,Pb [48], which 
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will be recalled in Subsection 4.2. The current in (3.19), up to a scale polynomial, is identified with 
the Fabricius-McCoy current with the local spin form, which will be constructed in Section 5. 

Remark. There are two-parameter isomorphisms of sl2[z,z~^], e='=(0) = a='=^e='=(0), e='=(zbl) = 
6^^e^(ibl) for a, 6 G C*, and the identification of mode basis: e^(n) = a~"^^6'*e+(n), h(n) = 
a~"'6"'h(n). The corresponding ((g)°^sZ2)-structures on £-p^p^^p^ are related by 

(e± . . . , e± ) = a±Hef , • • • , e± ) L]\ di^[a-H^] =a^Hef,..., e± ) diaia'^^-'^] i^cuj ) , 

(hi, . . . , h„) = a±i(hi, . . . , h^) (^a^^ j di^a-'^b"] (^c',^, j = (hi, . . . , h^) (a'Jj diafa'^fe-*^] (^c^j 

where a'^, cj^. aj^, c^j are in (3.15), (3.16) with indices < A; < m — 1 and 1 < j < m. The currents 
in (3.17) are connected by E-(^) = a'^E' {a-^b^),E+{^) = aE+{ab-^^). 

4 Degeneracy of XXZ chains and Superintegrable r*^^^-models 

In this section, we investigate the degeneracy of a superintegrable r^^^-model through its equivalent 
spin-^ XXZ chain as in [37, 38, 43, 48]. We shall recall the result in [48] Section 4.2 about the 
realization of the Bethe state as a basic r^^^ -eigenvector of an Onsager sector. The inversion 
correspondence of quantum spaces in superintegrable CPM will be also identified through the local 
operators in XXZ chains. 

4.1 XXZ-chains with Uq{sl2)-cyclic representation 

Using the generators if^, of quantum group Uq{sl2) for an arbitrary q (with relations K^e^K~ - 
q'^^e^, [e"'",e~] = ^gZf-i )^ one finds a two-parameter family of L-operators 

L(^)= , 11 ^ _i - ,07^p,^.GC, (4.1) 

V [Q — Q )e v^sK^ — pv -2 s A 2 J 



of YB solutions: 

Re^s/s'ms) (g) 1)(1 (g) L(/)) = (1 (9) L(s'))(L(.) (g) l)R^As/s'), 



aux aux 



where i?6v is the symmetric six-vertex i?-matrix 

/ s-'^q-sq-^ 



s^— sq — q^ 

q-q-^ s-^-s 

\ s-'^q-sq-^ J 



The q ^''-twisted trace 

t(s) = A(s) + q-^''T>{s), s G C, (4.2) 
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of the monodromy matrix of size L, 

V c(s) D(s) ; 

L 1 L 

form a commuting family for s G C with coefficients in Uq{sl2), which commute with :=0 
. The leading and lowest terms of entries in (4.3),^ 

q:(L-l) 



give rise to the quantum affine algebra Uq{sl2)- 



^{L-l) T L+1 • Tl Tl ±1 ±1 

B± = p 2 ' K 2 (g) ■ ■ ■ ()g 2 ^ (g)e- (g) K~ , 

i—l L—i 
=F(i-l) r -i-l , . ±1 ±1 , Tl Tl 

C± = p^~ Ei-=i K~ (8) • • • (8) -g~^ (8)e+ (g) K 2 (g) • • • (g) K 2 

i—l L—i 



(4.4) 



with the Chevalley generators, ^ = ki = K, ei = C+,/i = B_, eo = B+,/o = C_, and the 
Hopf-algebra structure: 

A{ki) = ki(g)ki, i = 0,l, 

1 111 
A(ei) = kl ei + p-^ei k§ , A(/i) = fcf /i + ^ /cq' , 
1 1 i i 

A(eo) = p"^fco' ® eo + eo O /ci' , A(/o) = pk^ O /o + /o <8) fci' • 

In particular, one obtains the well-known homogeneous XXZ chain of spin-^^ by setting p = 1,1/ = 
q^""^ and the spin-^ (highest weight) representation of Uq{sl2) on = ©^Iq Ce'^: 

i^5(e'=) = g^^e^ e+(e'^) = [A:]e^'^\ e-(e*^) = [d - 1 - A;]e*^+\ (4.5) 

where [n](= [n]^) = '^glg-i and e+(e'^) = e~(e'^~^) = (see, e.g. [32, 42, 43] and references 
therein). 

When the anisotropic parameter q in (4.1) is a A^th primitive root of unity, there is a three- 
parameter family of J7q(s/2)-cyclic representation on C^, S0,0',£ labeled by non-zero complex num- 
bers (f),(f)',£: 

(see, e.g. [22, 25]), where \k) {k G Zjv) are the Fourier basis of in (1.2). With the cyclic 
representation S(f,^(f)'^^ on L in (4.3), the monodromy matrix 

0Ce{s)=(^l'] £e{s) = s^,^,,M^), (4.7) 

(=1 V ^(«) / 



A+,D_,B±,C± here diflter those in [48] by some scales. Indeed, those in (4.4) are equal to 



p-'^A+,,p^D_,iyT^B±,i/^C± in [48]. 
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gives rise to the transfer matrix of XXZ chain for the Uq{sl2)-cyc\ic representation s^^^pi^e with the 
boundary condition (2.3): 

T{s) = A{s) + q-^''V{s) = (4 s^,0',.)t(s). (4.8) 

It is known that the above XXZ chains of Uq{sl2)-cyclic representation (4.8) are equivalent to the 
T(2)-jnodels (2.4) [47]. For simphcity, hereafter in this paper we shall consider only the odd N case 
for the Nth root-of-unity q : 

N = 2M + 1, q:=uj^ {=uj^). 
Now the cyclic representation (4.6) can be expressed by Weyl operators (1.3): 

A2=q 2 Z "2 = q ^ ^^—^ — e = q — ^-n . 

^ ' ^ q—q ^ ^ q—q ^ 

By setting t = s^, up to the gauge transform dia[l, —sq], the modified L-operator —sv^K^'^ C,^{s) 
of (4.7) is equivalent to L(^{t) in (2.2) by the identification of parameters: 

a = pv~q 2 ^, waa = p v~ , b = u~q 2 _ ^ _ p-iq<i>-<p ^ 

in which case, the r(2)(t;p) in (2.4) and T{s) in (4.8) are related by 

r(2) (t; p) = {-q-h)^AK^T{q-h), t = s'^. 



In particular, the XXZ chain for (p, u) = (oj"^ '^,1), {4>, (p' ■, s) = (—1 — rn, m, M) (mod N) in the 
L-operator of (4.7): 

(g - g-i)e+ sK^ - q-^-^'^s-^K- 



with the ?75(sZ2)-representation 

Kh=qh+-^Z^, e+=q^^-3r^%f^X, ^- = x-i ^ (4.10) 

is equivalent to the superintegrable r^^^-model (2.22) by the gauge dia[l, —sq] and identification of 
spectral parameters: t = as in [44]. Denote the local operators in the second Onsager-operator 
Hi of (2.35) by^° 

Using the equality Ylfji ^''^{^ - (^~^)~^ = {N - 1 - 2k)/2 for < k < N - 1, one finds 

5^(e*=) = (fe- ^)e^ e^:=\k'^m) (fc = 0, . . . , iV - 1). (4.12) 
In terms of the above basis e*^'s, (4.10) is expressed by 

Kh{e'') = q^-^e^, e+(e^) = q^[N -I- k]e^+^, e'(e^) = q^k]e^-^, (4.13) 



''The in Section 4.2 of [48] differs from here by a minus sign. 
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which is equivalent to the spin-^^^^ (highest weight) C/5(sZ2)-representation (4.5) by the similar 
isomorphism of C^, e*^ i->- q2e^'~'^~^. Note that the operator K{= Y{(^K() is now expressed by 
K = g^i. It is known that conjugation of the spin-inversion of local states, j{e^) = e^~^~^ (0 < 
A; < AT — 1), of the spin representation (4.13) is given by 

Hence the local L-operator C({s) in (4.9) at the site i is gauge-equivalent to the transpose of 
Ce{~q~^~'^"^s~^) by the diagonal matrix dia[g, 1] under the conjugation of the local spin-inversion 
operator jf. 

ji ■ C,{s) ■ J, = dm[q, 1] Ce{-q-'-^'^s-'ydm[q-\ 1]. 

Since that the monodromy matrix for the transpose -L-operator C^{sY is conjugate to the transpose 
of the monodromy matrix (4.7) under the transformation of quantum space 0^ sending (Sif^iVe 
to (X'l'^^f^ with = V£, we find that the monodromy entries in (4.7) satisfies the inversion 

property: 

J ' V{s) ' J ~ ©(-g-i-a^s-i) J ■ C(s) " J ~ B(-q-i-2™s-i)q-i y*--^"^) 

where j is the spin-inversion operator of quantum spaces: 

J : 0^ ^ 0^ C^, 0tA' ^0f=ief, k'^^^_^ = N-l-ke (4.15) 

for < fe^ < A'" — 1 and 1 < £ < L. Using (4.12), one can express j in terms of local spin basis in 
(1.2) by 



j\ki,...,kL) = \k[,...,k'^), k'L^^_£ = N -l-2m-h (mod AT); 

J IcTi, . . . , a^) = a;-(i+2-) . . . , a^), := | - a,), 



(4.16) 



which defines an isomorphism between q and Vr^Qi with the charge relation Q+Q' = —{l + 2m)L. 
Hence and the Hamiltonian H{k') with boundary condition r in (2.35) satisfy the following 
j-conjugation relations: 

jKhj = Kh, J H{k') j = H{-k'). (4.17) 

4.2 Degeneracy of XXZ-chain with spin-^^^^ [/^(s/2)-representation and super- 
integrable r^^-'-model 

In this subsection, we study the sZ2-loop-algebra symmetry of spin-^^^^ XXZ-chain with L-operator 
in (4.9). The leading and lowest terms A±,B±,C±,'D± of monodromy entries (4.7) are obtained by 
employing the representation (4.10) (or equivalently (4.13) ) in (4.4), and they satisfy the condition 
of ABCD-algebra: 

[A{s),A{s')] = [Bis),Bis')] = [C{s),C{s')] = [Vis),V{s')] = 0; 

A{s)Bis') = f,,s'Bis')A{s) - g,,s'B{s)A{s'), (4.18) 

Ais)C{s') = fs',sC{s')Ais) - gs',sC{s)A{s'), {A^VandB^ C), 
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where fs,s' ■= gs,s' ■= ^fsTrp^y- Then follow the relations 

A{s) nr=i B{s,) = (nr=i fs.mu b{s,))a{s) 

v{s) n?=i B{si) = (nr=i ksmu b{s,))v{s) (4.19) 

- ELi 9kAW=i,i^k kk)B{s) YlU^^k B{si)V{sk); 
o P and H o C), 

here we write only i for Si in the subscripts of fs^s'^Qs^s'- With s or s' tends to oo,0 in (4.18), one 
finds 

A±B{s) _ B{s)A± ±1 V±B{s) _ B(s)I)± nrl r,r.^ 
V±C{s) - C{s)V± 1 ' A±C{s) - C{s)A± 1 ■ V*^-'^'^) 

Since (4.13) is equivalent to the spin-^^^^ highest weight ?7q(sZ2)-representation, one may define 
the normalized nth power of B±,C± as in [26. 37, 38], B\. = > C± = j;^, (n > 0), on a generic 

q first, then taking the limit on the A^th root of unity q, where [n]\ = Y\i=i[i]q and [0]! := 1. By 

(n) (n) 

induction argument, one finds the following expression of ■ 

^± - Z^O<fc<Af, fci+.-.+fcr =n [feill-ffcrl! ^i=l l^i > P 



0<ki<N, ki+-+kL=n [ki]\-[kL]\ ^«=1 ^ -^"i ' ' (4 21) 

where p = q'^^"*'~^(= uj'^~^). By setting = (z = 1, . . . , n) in (4.19), with the same argument 
in [37] Section 3, [38] Section 4 or [43] Section 4.2, one finds the relations: 

A{s)B^^^ = q^^^B^^Ais) + s^^B{s)Bt'^A±, 

V{s)Bt^ = q^"B^^^V{s) - s^^B{s)B^^~^^V±, {A^VimdB^C). ^' ' 

For non-negative integers n,n' ,n" with n = n' = —n" (mod A'"), by (4.20) and (4.22), one finds 

[^S:;,cf )4")] = ±s(cf )^(.)^f-^) - e{s)ci'-'^B'-:^V-ti^, 



j^(.)^c(n")^(n)j ^ ^s-^cf^B{s)B^r'^^J-^_ T sC{s)cf-'^B^-^^_X. 



hence 



[r(s),cf ^] = s(cf )B(s)sf "'^ - C(.s)cf-')^i"))((/M+ - q-^'-''V+), 
[r(s),cf' )^i")] = s-^cf^B{s)B^r'\q""A- - (?-""-2-P_) - sC{s)cf-^^B^^~^x (4.23) 
(gM+ - g-"-2'-p+). 

Similarly, we have 

[r(s),4"'^cf)] = ^s(^BX''k{s)d^-'-^ -B{s)BX''-^k'f^yq-^A+-q-'''+^V+), 
[T{s),&'^B^L'\ = s-H6J''^B{s)B^1'-^^ - C(s)ci"'-'^^i"))(g-M- - q-^^+^V_), (4.24) 
[r(s),^i"')ci")] = -s-ifsi"')c(s)ci"-') - i3(s)i3i"'-')ci")') (gM- - g-^'-^P.), 
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and 

[r(s), Hi^^cf ')] = -sB^!^k{s)cf-^\q^A+ - q-"-^^V+) + s-^B{s)B^T^kf^ X 

{q-"A.-q--"-^^V.), ^ ^ 

[T{s), 4")ci"")] = -s-^Bfc{s)C^f-^\q-^A- - + -'^Ci"") X 

Using the above formulas, we can generalize the results in [37, 38, 43, 49] as follows: 

Lemma 4.1 The superintegrable t^"^^ -model r*^^^(t) (2.23) with the L-operator (2.22) is equivalent 
to the XXZ chain T{s) (4-8) defined by the L-operator (4-9) employing the representation (4-10), 
so that the equality holds^^ : 

r(2)(t) = (-g-is)^K^r(g-^s), t = s2. (4.26) 

Indeed, the monodromy entries (2.2), (4.7) of t^'^^ -model and XXZ chain (respectively) are related 
by 

5?) = ?!:] = {-s)^^U^^K^ltl (4.27) 

Then the relation (2.23) in t^"^^ -model is equivalent to the following one in XXZ chain: 

{-s)^K^T{s) = q'^-^+'il - ^2-+2,2)L -Q f^^^ + _ q2m^Y U ks (4.28) 

j=l 1=1 

where fs,i, fi,s o,i~e in (4-19) for the roots s|(= o/ F(t) in (2.23), satisfying the Bethe 

equation equivalent to (2.24): 

-1_„2m+2„2xL J „2„2_„2 

^ _i] - ^-2{Pa+Ph+J) TT ^ ^ ^ 
J2 j y 11 2 „ 2,2 

Both the operators T^'^\t) and T{s) (on the quantum space Vt^q) commute with 

cf+^4"+), cf-^Bi"-\ B^^'-^C^-^ (4.30) 

where B^\c^^ are defined in (4-21) with non-negative integer powers satisfying 



(1 „z,in-\-z, „z, \ L, J „^ „z, „^ 



(4.31) 



n+ = n+' = — p+ = — = Q — 'r, 

n_ = n'_ = -p_ = -p'_ = (1 + 2m)L + Q + r(= - Pa) (mod N). 

When 2r + (2m + 1)L = 0, T^'^\t) and T{s) commute with 

^(n'')^{n)^ ^(n")^{n)^ Si^^Cf^ ^f^ci"") (4.32) 

where n,n" are non-negative integers satisfying n = —n" = Q -\- L[m — M)(= —Hi) (mod A^). 



^The relation (4.26) here is the same as formula (4.9) in [44]. 
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Proof. By the discussion in Subsection 4.2, (4.26) and (4.27) are easily obtained, then follow 
the relations (4.28) and (4.29). By (4.10), K = q^i^+'^"') Z''^ = uj^^^-^) X-'^ . Since (4.23) and 
(4.24) are zeros whenever the last terms in the formulas vanish, the expression of A±./D± in 
(4.4), together with (4.20), implies that the operators in (4.30) commute with T{s) and K, hence 
also with r(^)(t) by (4.26). Using (4.23) and (4.25), T{s) commutes with operators in (4.32) if 
^^-2n _ p-Lq2r _ pL^-2r ^ heucc follows the couclusion by the assumption of odd A'" = 2M + 1. □ 

By (2.42), T^'^\t) and T{s) in the above lemma can also be regarded as the transfer matrices of the 
dual r(2)-modcl r(2)t(t) in (2.19), and its equivalent XXZ chain T\s) defined by (4.9) and (4.10): 
r(2)t(t) = r(^)(t) and T\s) = T{s), but with the boundary condition r* = Q. Then T^^^\t) and 
7^(s) on Vr*^Q* {Q* = r) commute with the operators C^^^ '^B^^'^ as in (4.30) with n = n)j^,p^j^ 
defined by r*,Q* in (4.31). Since n\_ = p^,n[_ = n_, the r*^^-* -duality relation in (2.19) in turn 
yields the commutativity of V^-^Q-operators T^'^\t),T{s) and 

^-^C^^'+^Bf+h, *-ihJ"+^C^"+)^, ^-^B^y-^CI^-^^ (4.33) 

with in (2.20), and non-negative-integer powers in (4.31). Furthermore, when 2Q-|-(2m+l)L = 0, 
T^'^\t) and T(s) commute with 

^-lC(n*")^(n*)^^ ^-l^(n*")^(n*)^^ ^-IS^f^Cf^, ^-^B^f^C^f'^ (4.34) 

with n* = -n*" = r + L{m - M){= -Hq) (mod N). 

By (4.31), the powers of operators in (4.30), (4.33) (or (4.32), (4.34)) are ah AT-multiples if and 
only if Q = r, Pa = Pb = 0, which is equivalent to those sectors in /+ fl /_ = i+ fl i- by (2.50). In 
this situation, (4.30) are generated by B^\c^'' as the Chevalley generators respectively, 
which give rise to a sZ2-loop-algebra on a sector in Vt^q {r = Q = zH+^II^ilIi^ -^^ith the Bethe state 
as the highest (or lowest) weight vector ([37, 38, 49] for the case r = m = 0, [43]^^ for the case 
r = 0, m = M, and [48]). Furthermore, the Bethe state of each sector in (2.48) was obtained in [48] 
Section 4.2 by the algcbraic-Bcthe-ansatz method as follows. With the local basis e|'s in (4.12), 
we define the pseudo- vacuum of T^'^\t) by 

n+ (= n+) := ef-\ n- (= Q-) := el {el^, = a;-(— '=)e^), (4.35) 

which can also expressed by Q.f' = \kf, . . . , fe^) {\k^^^) = uj~^'^^\kf)) with = N — 1 — m and 
kj = —m for all £. Then 

c(t)o+ = c{s)n+ = 0, B(t)n- = B{s)n- = o 

A{t) ^+ _ (l-U-^-H)^ ^+ , _ (s52-+3/2_,-lg-l/2)i- ^ 

D(t)" ~ (^"1-1)^ " ^(s) ~ (s5-l/2_s-lg-2m-l/2)Z,i' ), 

_ (1-0.— t)^^- , A{S)^- _ (sg2m+l/2_,-l,l/2)Z, 

D(t)" ~ (a;l+"'-t)i''' T^(s) ~ (s9l/2_s-lg-2m-3/2)Lii 



^^The A^th root of unity and spectral parameters in [43] (for the case d = N) are slightly different with those used in 
this paper. Indeed with the same A'^th root of unity g, the w, s, t, and t' (in Section 4.3), of [43] are respectively equal 

— 1 -(-W-2) „ 

to w ,sq 2 ,tq ,tq here. The Bethe equation (4.22)d=jv for the eigenvalue (4.21)cj=jv in [43] can be identified 
with (4.29) and K ■ (4.28) in the /+-sectors for the case m = M, r = here. 
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where A,B, .. and A,B, .. are the monodromy-entries in (2.2) and (4.7) respectively. Define 



^+(= V+(v+ . . . , v+)) = n/=i B{-{u;vl)-^)n+, 

v;-(= v-(vr, . . . , vj)) = n/=i c(-(wvT)-i)j]-, 



where v^'s are Bethe roots (2.24) of F(t) in (2.23). Then ip^ is the Bethe state of /±-sectors 
respectively with J and quantum numbers in (2.50). By the commutation relation between 
B{t),C{t) and Hi in (2.35), [Hi,B{t)] = -2B{t), [Hi,C{t)] = 2C(t), and using (2.48), one 
finds (Hi — /3)^^ = ^NmEtp^ (respectively) where (3 is the linear term in (2.36). Hence can 
be identified with the basis element iy(±; k') of £F,Pa,Pt, at fe' = oo in (2.41)^^ : 

^ =u(+,...,+), ^ = u(-,...,-). 

With the same Bethe-state argument for the dual model r(^)^(t), through the duality correspon- 
dence (2.19), T^^^^-Bethe states are converted to Bethe states of T^^\t) via the isomorphism in 
(2.20): 

<^+(= <^+(v+, . . . , v+)) = n/=i i?(-(o;v+)-i)^-iQ^+(= n/=i St(-(a;v+)-i)17^+), 
0-(=r(vr,...,v7)) =n/=iC^(-K")-i)*-iJ)^-(=^-in/=iCt(-(a;vT)-i)0^-), 

where ^~^^q = \Q;nf, . . . ,nf ) (|(nf+i)) = a;"*^"? |(nf )) with n'^ = N-l-m and = -m for 
all Then cf>^ are the Bethe states of i-t-sectors (respectively) with quantum numbers in (2.50). 
By (2.44), (p^^ can be identified with the basis element v{±;k') of of £"F,p„,Pj, in (1.1) at k' = 0: 

^ = ii(+, ...,+), ^ = ii(-, -). 

Under the dual correspondence (2.53), * : f(F,Pa,Pj,) — ^(fp p^^)) the Bethe states ■0^,^^ are 
identified with (p^^ip^^ respectively. 

By (4.14) and (4.27), the j-conjugate relation of monodromy entries (2.2) of r^^^ -model r^^^ (t)(= 
r(^)^(t)) for J in (4.15) are given by 

•I D(t) •) ~ y ^1 1 '^£)(u)l+2'"t-l)' J C(t) J~ \ ^) 1 -f^S(o.;l+2mt-l)q-2m- 

(4.38) 

By (2.4), the r^^^ -matrix satisfy the following inversion relation: 

j-T(2)(u;-t) •j= (-t)^r^i^r(2)(a;™-it-i), 

/ •T(2)(a;™t) •/ = (-t)V^-fi^*r(2)(a;™-it-i) ^ ' 

where / = = ^'^R-^ with * defined in (2.20). Note that in general / ^ j. The 

first relation in (4.39) holds only for sectors with the same boundary condition r, and the second 
relation, induced from r(^)'l"(t)-matrix via the identification (2.19) and (2.42), holds for sectors 
with the same charge Q. Then j or f permute the r^^^-eigenspaces £^F,Pa,P(,'s. Indeed, we have the 
following result: 



^The v{±, . . . , ±; oo) in [48] Section 4.2 are equal to w(±, . . . , ±; oo) in this paper. 
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Proposition 4.1 Under the spin-inversion operator j or j* , the t^^^ -eigenspaces and Bethe states 
(4-36) or (4-37) are in one-to-correspondence: 



f ■■ {£F,Pa,Pb,(p^) G i± < — > (.£F',Pi,P',4>^) G h 



±, . . , . . . (4-40) 



such that (F,Pa,Ph) and (F',P^,P^) are related by (2.55) with the results in Lemma 2.1 valid for 
their T^"^^ -eigenvalues and evaluation polynomials. Furthermore, the isomorphism in (4-40) induces 
the inversion relation between the correspondence of k' and {—k')- eigenvectors in (2.63). 

Proof. By (4.39), j{£F,Pa,Pb) or f{£p/ pi^ pi^) are r^^^-cigcnspaces. Let vj = (1 < j < J) 
be the Bethe roots in the definition of Bethe state tp^j^)^ of £F,Pa,Pt in (4.36) or (4.37). Since 
ji^f) = and j*{Qq) = Q^, using the j-conjugate relations of B{t),C{t) in (4.38), one finds 
j{ip^) = , J*{(p^) = </'^, and the Bethe roots, vj = and v^- = vj, are related by (2.54). 
Hence {F,Pa,Pb) and {F',P^,P^) satisfy conditions in Lemma 2.1, where the eigenvalue relations 
in Lemma 2.1 (ii) arc equivalent to (4.39) with q~^K = ui~^"^X~^ and q^^K* = oj'^™''^ . Then 
we obtain the isomorphism of sectors in (4.40). In order to show (2.63), we first consider the I±- 
sector case. By (4.17), j{w{s;k')) is a ii"(— A;')-eigenvector in £p/^pi^ pi^ with the eigenvalue E{s;k') 
in (2.40). As j is an isometric isomorphism, j{w{s; k')) = w'{s'; —k') for some s' = (s^, . . . , s^^), 
and E{s; k') = E'{s'; -k'){= a' - P'k' + NYT=i W\^'A^'i'' -k'))- Hence a-\-k'p = a' - p'k' as in 
(2.60). Using (2.28) and (2.57), one finds + ^ • = vr, e{9i;k') = £{e'--k'), hence s'^ = -Si for 
all i. Therefore j induces the correspondence in (2.63) for /-[--sectors. Using the ^-correspondence 
(2.63) about /-^-sectors for the dual r^^^^^-model, together with the duality correspondence (2.44), 
one obtains j* in (4.40) gives rise to the inverse correspondence (2.63) for i-|--sectors. □ 
Remark. (I) The isomorphism (2.63) in Proposition 4.1 for /c' = oo or with Sj = ±1 for all i 
is the same as the correspondence of Bethe states in (4.40) by (3.12). Indeed, (2.63) induces the 
correspondence of r^^^ -eigenvectors in (3.12): 

I± 9 £F,Pa,Pi 3 i3(si, • • • , Sjue) ^ u'(-si, . . . , -Sjue) e Sf',p^,PI G I"^, 



i± 9 £F,Pa,Pb 3 • • • ' ^ms) < > (-1)"'^U'(-S1, . . . , -SruE) G ^F',P^,P^' G l"^ . 

By (2.57), (3.13) and (3.14), the correspondence (4.40) induces the equivalence of the sZ2-product 
and loop-algebra structure of r^^^-eigenspaces: 



I± ■ J-ef-j = ef, j-h--j=-hi, J • e'=^(n) • J = e'''(-n), j • h'(n) • j = -h(-n); 
^±■■ f-e',^-f = ef, /•h^/ = -h,, / . e'±(n) • / = eT(-n), / • h'(n) ■ / = -h(-n). 



for i = 1, . . . ,mE, and n G Z. In particular, the currents E^(^) of £F,Pa,Pb and E'^(^) of £f',p',P' 



in (3.17) are related by 

j-ET(ri).j = -^E'±(0 or /.ET(ri)./ = -eE'±(0. (4.41) 

(II) By (4.16), J* is an isomorphism between Vr,Q and V^',q with r -\-r' = —(1 -|- 2m)L which sends 
\Q;ni,... , ni) to |Q; n'^, . . . , n'^) with = - 1 - 2m - UL+i-e.- 
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(Ill) For a sector S^^p^^p^ in V^,q, operators in (4.30), (4.32), (4.33) and (4.34) can be used to describe 
the r'^^^-degeneracy of £^F,Pa,A' where these operators, when applied to the Bethe state, are expected 
to generate all vectors as in (7_|_ n /_)-sectors. In the case m = r = 0, L = 0, the loop-algebra 
structure of the ground-state sector (i.e. Zq=-sector with J = ) was investigated in [4, 5]"'^'^ through 
these operators with partial success. The operators e^(n),e+(n') for n > l,n' > are constructed 
from (4.33), (4.34) for (i_)-ground-state sector in [5] Section 3.5, but the relationship between the 
complete s/2-loop algebra structure of r^^-'-eigenspace in Subsection 3.2 and operators in (4.33) and 
(4.34) is still unknown. However, using the local-operator form of e^(n') for n' > 1 and the relation 
(3.15) or (3.16), one can derive a local-operator expression of the s/2-product structure e^, hence hj 
of £^F=i,Pa,J'i,=o- By using the Bethe state |J^)(= '^~^\^q)) and the relation (3.20), one then obtains 
the local-spin form of r*^^) -eigenvectors. In [4, 5], the eigenvector {/(si, . . . , s^^; A;') of superinte- 
grable CPM transfer matrix T or T in (2.13) and (2.30) are constructed from v(s^, . . . , s^^; 0)'s 
through linear transformations of Vi in (3.1), which can be identified with the C-algebra spanned 
by lj,hj,e^. Write T, T as a product of Vi-transformations, expressed in a rotation-operator form 
([5] (130) and (137)). By the expression of (J1|T|17), {Q.\eTT\il) and (0|f (Jl|f e+|17), the local- 
operator form of rotation matrices are derived in [5] ((150)-(152) , (161-(162)) so that one obtains 
the fc'-dependcnt local-spin form of v{s;k') up to a scaling factor ([5] (159)). On the other hand, 
through the Onsager-algebra representation generated by the quantum spin chain H{k') (2.35) and 
using the form of (3.2) and (3.9), one may also find the expression of v{s;k') or w{s;k') in terms 
of v{s;0) or w{s;0) by (3.10). Equivalently, the formula (3.10) is the expression of A;' -eigenvectors 
in terms of 00-eigenvectors or 0-eigenvectors in (3.9). This approach can be applied to the general 
case for an arbitrary sector as well. By this method, the effort of non-trivial calculation about 
rotation matrices in [4, 5] can be avoided, even for the ground state sector. Hence the expression 
of /c'-dependence of the CPM state vectors in the local spin basis can be obtained by (3.10) if the 
local-spin- vector form of u{s) in (3.12) is known. By (3.20), the CPM-eigcnvcctor problem is then 
reduced to the local-spin form of the states and currents in (3.19). As the states in (3.19) are 
identified with the Bethe states in (4.36) or (4.37) expressed in the local spin basis, it suffices to 
find an equivalent form for the current E^(^) in (3.19) in terms of monodromy entries in (4.7), 
given by the Fabricius-McCoy current discussed later in Section 5. Note that E~(^) or E+(^) is 
defined in (3.17), whose operator-coefficients constitute only one-half of the nilpotent part of the 
loop-algebra sl2[z,z~^], in particular no Serre-relation among the generators. The structure of 
one-half nilpotent subalgebra is simpler than the subalgebra constructed in [5] for the ground state 
z_-sector, but it is sufficient to produce the sZ2-product algebra elements in the r^^^ -eigenvector 
formula (3.20). 

^''in the paper we use different conventions than those in [4, 5], where Q,mQ, \0,), \iV)„ xjg, E^q,hJ are corre- 
sponding to N — Q,mE,'^~^\^Q),'^~^\iiQ), e*(n), e^,hfc here respectively. 
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5 The s^2-loop-algebra Generators in Superintegrable r^^^-model 



In this section, we derive the currents in (3.19) of a superintegrable T^'^^t) through its equivalent 
the XXZ chain T{s) in Lemma 4.1 with the identification of spectral variables t = s^. By extending 
the method in [27, 43], the local-operator-representation of those currents will be obtained by the 
Fabricius-McCoy current which is a series in terms of the monodromy matrix (4.7) of T{s). As in 
[43] Section 4.2, we construct the Fabricius-McCoy current for a sector in (2.48) by differentiating 
the relations in (4.19). For convenience, we use the subscript of variables s,q to indicate the 
logarithmic partial-derivative sds, qdq, ... of an operator or function, e.g, Bs = s{dsB), Bq = q{dqB), 
{fs,s')s = s{dsfs,s'), {fs,s')s' = s'{ds'fs,s') etc. By the same argument in [43] Proposition 4.1, the 
highest weight representation (4.13) of C/g(sZ2)-operators in the monodromy matrix (4.7) yields the 
vanishing of averages of the off-diagonal entries, (B) = (C) = 0, where (0) = UftTo^ 0{q's). The 
vanishing of {B) and (C) mirrors the automatic vanishing of certain constraint equations in Bethe's 
ansatz, hence should create the complete A^-strings in the degeneracy. As in [27] (1.36)-(1.40), 
we replace the vanishing creation operators by derivatives of (B), (C) to form the Fabricius-McCoy 
current of XXZ chain T(s). Note that the s-derivative of {B), (C) vanishes: 

N-l N-l 

(H),(= ^ H,(sg") n W)) = 0, B^C = 0, (5.1) 

n=0 i=o,i^n 

and the leading and lowest terms of the g-derivative of {B) , (C) are 

= (2iV2)-ilim,±i^^(±.)^^(^-i)g;(.), (5.2) 
bynf=i'(l-c^^) = iV([43] (4.34)). 
5.1 The Fabricius-McCoy current of /^-sectors 

For a sector in /_|_ of (2.48) with the Bethe state V"*" = '^'^ {^t ■> ■ ■ ■ j'^j) (4-36), the Fabricius- 
McCoy current is a current in the form 

HW(.) = (B(.)), + <)(.), <)(.) = Et-oV(^9")H.(5g")niIo,U^(^«')' (^-3) 
for some suitable ip{s) such that the following properties hold: 

r(s)(nr=ii3W(x,))V'+ = (n?=ii3W(x,))r(.)v+, {n > i), (5.4) 

where s,s',Xi G C ([27] (2.1)-(2.14), [43] (4.39) (4.40)). Note that B^^\s) = B^^\qs) by the 
construction of HW(s). Since {B{s))q,Bs{s) commute with B{s') for all s,s', [HW(s),H(s')] = 
[H(^)(s),H(^)(s')]^^ = 0. By differentiating relations in (4.19) for n = N, then using the identities 

fk,k+l = 0, ni^l fs,i = ni^l fi,s = 1, iHf=l,i-^k fk,i)q = {Jlf=l^i^k fi,k)q = j 
iHiLl^ij^k fk,i)s„ = i^kji - <^fc,n-l)q_g-l , iUj^l^i-^k fi,k)sn = (<^fc,n — ^k,n+l) q_q-l , 

^^Here we assume {k^)q = = (e=^)g so that [(B{s))q, {B{s'))q] = 0. 
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for Si = xq^{l <i< N), one finds the following relations between A{s),V{s) and B^^\x) in (5.3): 

(5.5) 



[A{s),B(^Hx)] = |^x:£o'5.,fe(v^(xg'=+^) -<^(xg^) - imli^k^M)Axq'); 



(for the details, see [43] Section 4.2). Using (B) = 0, one can show the relations 

ni^^H(.go)^g nLi^(^H^.)V'+ = ^I^J'ljr J;; (niI;i^H(.,o) m=^B^''H^^)^^, (5.6) 

where s,Xi £ C, = -(a;v+)"i as in (4.29), a{s) := sg^^+^Z^ - s^^q^^/'^ ,d{s) := sg'"^/^ - 

by induction first on n = by (4.19) with the Bethc roots ,Sj {i = 1, . . . , J), then 

applying 11^1:1^ B{sq^) on relations in (5.5) for the general n. Evaluating (5.5) on the Bethe state 

ip'^ , then using (5.6)^=0 with s = xq^ (0 < A; < TV — 1), the identity (5.4) for n = 1 is equivalent to 

the following constraint of (p{s): 

J J 
{^{sq) - v{s) - l)a^(5) n + {^{sq-^) - v{s) + l)q-'''' d"^ {s) fs„s = 0, {s e C) (5.7) 

i=l i=l 

where = — (a;v^)~^ as in (5.6). Applying {^—s)^K~ on (5.7), then changing s to q~^s^ one finds 
the equivalent form of (5.7) by (2.48): 

(yj(s)-(^(g-^s)-l)(l-w-"^t)^F(t) = {^{q-^s)-^{q-'^s)-l){l-oj^-'^t)^Y{uj\)uj^»+^-. (5.8) 

By (2.25) and (2.27), Pev(t^) can be written in the form, 

n _ ^N\L^-(Pa+Pb) 

Pev(t^)a;'^''P(0) i=uj^^?it)) = y p{uH), pit) := \, , , , 

evv ; v;v K )) zL^FV y\ i (i _ c^-mt)^F(t)F(tJt) 

Since p(t) satisfies the relation (5.8), ^{s) — (p{q~^s) — 1 = a{t^)p{t) for some t^-function a. 
Then a{t^) = ^j^^^^ by (p{s) = (p{q^ s), and the solution of (/9-function in (5.8) is uniquely, up to 
additive s^-functions (which define the same current in (5.3) by {B) = 0), given by 

With the above (p{s) in (5.3), we defines the Fabricius-McCoy current B^^\s) satisfying (5.4) for 
n = 1. By replacing ijj^ by YVi^i B^^\xi)'ilj^ , and using (5.5) and (5.5) in the above argument, the 
relation (5.4) follows by induction for the general n. Furthermore, using the method in [27] ((3.1)- 
(3.5)), one can show the poles of B^^\s) equal to zeros of Pcv(t^), first by the Bcthc equation 
(2.24), to determine the behavior of ip{s)Pev{t^) near a pole t = — (a;^"'""'v^)~^ (1 < ?i < N) as 

..AT, f l-N6n,N \ (-u;)^"+^Hv+)(-^+^)^+^''+^^+^^-^(v+^ - 1)^ 



1 + u;i+«v+ty a;^*P(0)(l - a;)(v+ + a;-i-™) Uj^'^t " v+)(v+ - ujv 



then by (5.1), the current Pev(t^)i3^^'*(s) in (5.3) near t = — (a;^+"v^)~^ = {q~"'Si)'^ with behavior 



as 



-N \ (_^)Pa+P,(^+){-N+l)L+PM+2J-2^+N_-^.L N-l 



1 + u^+^vftj a;^<.P(0)(l - a;)(v+ + ) UjM4 " ' ^""t) 



k=l 
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By (4.27) and —{ujy'1)~^ = s|, the above operator vanishes when apphed to the Bethe state ijj'^, 
and the same vanishing property for Y[iB^^\xi)tlj'^ holds, even though (p{s) has poles at the Bethe 
roots sf = ~{ujvf)~^. Therefore, Pcv(t^)(— .s)^''^^^^^^?|3^''(.s) is a regular current of S^^p^^p^ with 
t-degree < N{L — 1) + {N — 1)L — Pa — Pb~ 2J, invariant under t ojt, hence a t^-current with 
f^-degree < L + — 1 where is in (2.26): 

L+mg— 1 

Pev(t^)(-5)^(^-l)^f)(s)= (-l)''^^fet'=^. (5.10) 

k=0 

Hence the current Pcv(t^)(— s)^^''"~^^i3^^^(s) has the t^-degree < (L — 1) + mg. On the other 
hand, E^(t^) in (3.17) also satisfies the relation (5.4) with poles equal to Pev(t^)'s zeros by (3.18). 
Since a fF,p„,Pj-current with the property (5.4) and poles the same as Pev('t^)'s zeros is unique up to 
scale functions, {-s)^^^-^^B^^\s) differs from E-(t^) by some t-'^-polynomial 7(t-'^) with degree 
< L : 

= ^-(tA^)E-(t^'), 7-(0 = E7n(-0^ (5.11) 

n=0 

Furthermore, by (3.18) and (5.2), the constant and t'^('^'"^)+'^'"s-coefficient of Pev(t'^)-multiple of 
currents in (5.11) yield 

^- +2N^- + 2JV2 n"if ai ~ 2JV^^ ^ 

By the Remark in Subsection 3.2, the above e~(0),e~(— 1) can be normalized so that the local- 
operator expression of the loop-operator e~(0),e~(— 1) is given by 



7o-=7Z=2iV'> B'^' + ^ = e-{Q), ^ + .^^j^g^^ = e-(-l). (5.12) 

For an /--sector £^F,Pa,P6 with Bethe state in (3.19), we consider its j-inverse /+-sector and 
Bethe state (£^f',p^,P(,,'0''") in (4.39). Let B''-^\s) be the Fabricius-McCoy current (5.3) of £:f',p^,p^ 
defined by ip'{s) in (5.9) using the evaluation polynomial P(t) of £-pi pi^ pr. 



ojPbY>'{t) '"^^^ (1 -a;-"»t)^F'(t)F'(wt)' 
The Fabricius-McCoy current of £^F,Pa,P(, is defined by 

CW(s) = J ■ H'W(-g-i-2"^s-i) • J (5.13) 

for the consistency of the inversion relation of monodromy entries in (4.14). Indeed, one can express 
the above current in terms of the monodromy C-entry of S-^^p^p as follows: 



Lemma 5.1 



where y?(s) is defined in (5.9). 
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Proof. First, we find the relation between ip{s) and ^p'{s). By (2.26 and (2.58), the quantum 
numbers of the inverse sectors are related by Pa + Pb + P'a + P}, = {N — 1)L — 2 J — NniE- By (2.54) 
, (2.55) and (2.57), p'{t),P'{t) are related top(t),P(t) in (5.9) by 

y(a;i+2"^t-i) = p(a;-it)t-^"^^a;"^(-P«+-fi'-^«--Pi;)+(=^+2"*)-^(n/=i Vjf, 
u^bP'it-'^) = c^np(t)t-^"*sa;"^(-P«+-Pi>-^a-n')+(3+2m)J(]-[J^^ ^.^2^ 

which yield the relation 

^'{-g-'-^-s-') = ^^;V!p("f'^ = ^ + 1 - ^i^)- (5-15) 

By (4.14), the chain rule of differentiation implies jBgj{—q~^~'^"^s'~^q'^) = —C{sq~^)s- Using (5.1) 
and (5.15), one finds 



J ■ (B'U-q-^-^-^s-^) ■ J = {C{s))g + (1 + 2m)j{B')si-q-^-^"'s-^)j = {C{s)) 
j-Hj^)(-g-i-2-.-i).j =Cr(.)-(iV + l)(C), =Cr(5) 



9' 



(5.16) 



Then follows (5.14). □ 

Remark. By (5.15), the relation (5.7) of if' in sector /+ is equivalent to the following relation of 
(f in sector 

J J 
{^{sq-') - vis) + l)a^(5g-i) n fs.,s + ifisq) - ifis) - l)q-^^d\sq) [] = 0, 

j=l i=l 

which is again equivalent to (5.8). One can also derive the Fabricius-McCoy current (5.14) of 

£F,Pa,Pb directly by the same argument as that for (5.3). 

By (2.29), Remark of Lemma 2.1 and (4.41), the substitution of s by —q^^^^"^s^^ in the j- 
conjugation of B'^^'^ in (5.10)and (5.11) yields 

Pev(t^)(-.)^(^-i)cr(.) = E^;o"^^-^(-l)'=^7^^'=^, 

(-s)^(^-^)cW(^)=7+(t^)E+(t^), 7+(0 = ELo7+(-0" ^' ^ 

where TZ'^ = {YVi=i ai)j7?.'£^^^_2^_^j, and 7+ = 7^„- By (5.2) and the first relation in (5.16), one 
has J ■ B'^^ • J = Hence the normalization condition for B'^^'' in (5.12) is equivalent to its 

reciprocal condition for C^^^: 

7o- = 7Z = 2iV^ ci^)+< =e+(l), cf ^ + = e+(0)- (5-18) 

Hence we have shown the following result. 

Proposition 5.1 (i) For a sector in I+, the Fabricius-McCoy current B^^\s) is defined by (5.3) 
with (p in (5.9), which is equal to a multiple of the current E~(t^) via the relations (5.11). The SI2- 
loop-algebra generators e~(0),e~(— 1) in Subsection 3.2 are expressed by local operators in (5.12). 

(a) For a sector in the Fabricius-McCoy current is C^^\s) in (5.14)) with (p in (5.9), 
which is equal to a multiple of the current E+(t^) in (3.17) via the second relation of (5.17). The 
sh-loop-algebra generators e'^(l), e"'"(0) in Subsection 3.2 are expressed by local operators in (5.18). 

(Hi) For a Ij^-sector {£-pi p/^ p^^ifj^) and I^-sector {£F,Pa,Pbj'4'~) ^'^ inversion correspondence 
(4-40), the Fabricius-McCoy currents are connected by the inverse relation (5.13). 
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□ 

Remark. (I) For a sector fp.Pa.A 1+^ I-j by (2.51) we have Pa = Pb = dE = 0, and Hi = 
(mod N). Then Sp^p^^p^ contains the Bethe states ip'^ so that they are j-conjugate under the 
inversion correspondence (4.40). In this case, by (5.9), TZ^ and "^J+^^-i are zeros as they are 

equal to some scale-multiples of the lowest and leading term of {B)s, {C)s in (5.1). By (5.12) and 
(5.18), ^i^^ = e^{0),l3^_^'^ = e- (-1) and ci^^ = e+ (l),cf'^ = e+ (0) so that they form the 
si2-loop-algebra generators of £F,Pa,Pt as in [43]^^ with j • e+ (n) • j = e^(— n) for n G Z. Using 
(4.13), one can verify [C^^ B^^] = = as in [26]. For other sectors in I±, the operators 
T^Q ,'R-]^^jyi^_i in (5.12) or (5.18) could be non-zero in the onc-half-algcbra-gcncrator expression of 
e-(0),e-(-l) or e+(l),e+(0), with h{0) = where /3 is linear term in (2.36). 

(II) In Proposition 5.1 the ^^'s in (5.10), (5.17) arc operators in the local spin basis, 

depending on F(t) and Pa,Pb- Hence the Fabricius-McCoy current is expressed by local-spin op- 
erators. As Pev(0^^(0 is ^ degree- (mii — 1) ^-polynomial with operator-coefficients, one may 
solve the polynomial 7^(C) and the local-operator coefficients of Pev(C)E^(C) by using the Pev(t^)- 
multiple of Fabricius-McCoy current in (5.11) or (5.17), under the normalization condition (5.12), 
(5.18) respectively. Therefore we obtain the local-operator expression of currents in (3.19), hence 
follows the-local-spin vectors in (3.20) for /^-sectors. 

5.2 The Fabricius-McCoy current of i±-sectors 

The eigenvectors of r^^^-model in (3.20) for z±-sectors can be obtained from the Fabricius-McCoy 
current of the dual model r^^^^(t) in Proposition 5.1. Indeed, through the duality correspondence 
(2.53), we define the Fabricius-McCoy current for i±-sectors as follows: 

Proposition 5.2 For an i±-sector o/r^^^(t) , the Fabricius-McCoy current is defined by 

SW{s) ■= ^'-i^Wt(s)^', CW(s) := ^'-iC(^)t(s)^ for i+,z_-sector respectively, (5.19) 

where B^^^^ (s) ,C^^^^ (s) are the Fabricius-McCoy currents o/T^^)^(t) in Proposition 5.1 for the 
sector dual to the i±-sector of T^'^\t) in (2.53), and ^ is the duality correspondence in (2.20). The 
Fabricius-McCoy current is a polynomial-multiple ofEi^it^) in (3.17) so that the relations (5.11) 
and (5.17) hold. The sl2-loop-algebra generators, e~(0),e~(— 1) for i+-sectors, and e'^ (1) , e'^ (0) 
for i- -sectors, are expressed by the local operators by (5.12) and (5.18) respectively. Furthermore, 
for a i^-sector (<Sp/ p/ p/, (^+) and i--sector (<?F,Pa,Pi,' inversion correspondence (4-40), 
the Fabricius-McCoy currents are connected by the inverse relation: 

CW(s) = f ■B'^^\-q~^-^"'s-^)-f. (5.20) 



^^There axe misprints in [43] about the sZ2-loop algebra mode basis associated with (4.34), ( e(— 1) = T"*"^, /(I) = 
T-^ should be e(l) = T+^, /(-I) = T'^), the first term in (4.43) (- ^^^^ jfcp(wt) should be - Ylk=i kp{oj''~H))), 
and the equality of currents in Theorem 4.1 where only the first term in (5.12) here was stated. Note that fis) in 
[43] (4.43) differs from the (p{s) in (5.9) here (for the case m = M, r = 0) by the additive function -{N + l)Pev(t^). 
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□ 

Note that r(2)(t) and r(2)t(t) share the same polynomial Pev(t^) in (2.27). By (2.19), the 
Fabricius-McCoy current B^^\s) or C^^\s) for a i±-sector is again defined by (5.3) or (5.14) 
with (p in (5.9). As in Remark (II) of Proposition 5.1, one can obtain the local spin form of r^^^- 

eigenvectors in (3.20) for z±-scctors. For a (?'+ n?'_)-scctor <?f,Po,A' (2-48), £F,Pa.Pb invariant 
under the conjugations of and j*. The Fabricius-McCoy currents b!^\c!^^ in Proposition 
5.1 and b[^\c^^ in Proposition 5.2 arc related by (5.19). The sZ2-loop algebra of S^^p^^p^ gen- 
erated by = eo (0),45 = eo (-1) , C^o^- = e^{l) and cJJ = e^{0) is ^-conjugate to 
the loop algebra in Proposition 5.1 Remark (I), with the genvectors in £^F,Pa,f'6 related by 

Remark. (I) The definition of Fabricius-McCoy current of a superintegrable r^^^-model defined in 
this section strongly relies on its equivalent XXZ-chain in Lemma 4.1. In (5.3) or (5.14), by (4.27), 
the second term B^\s), c!^\s) can be phrased in terms of the r*^^^ monodromy entry B{t) , 
C(t) in (2.2) respectively. The first term {B{,s))q (or (C(s))q) is constructed through a process 
of deforming the Nth root of unity g to a generic q in (4.13), using the L-operator (4.9) as the 
solution of YB equation for the symmetry i^ev-matrix. However, there exist no finite-dimensional 
Weyl operators Z,X for a generic q such that the relations (1.3) and (4.10) hold. It is not clear 
how to deform the L-operator (2.22) to a YB solution for the asymmetry i?-matrix so that the 
relation (4.26) is still valid for a generic q. Since the operator-coefficients of the Fabricius-McCoy 
current are expressed by products of local operators in (4.13), we can use (4.10) to express the 
Fabricius-McCoy current in terms of local Weyl operators in (1.3). Nevertheless the approach of 
local-spin form of E^(^) through the Fabricius-McCoy current is in essence based on the general 
theory of XXZ-chain. 

(II) The Fabricius-McCoy current B^^\s) (5.3) in Propositions 5.1 and 5.2, hence E~(,^), is defined 
by the monodromy entry B{s) of XXZ-chain only. Similarly, C^^\s) and E~(,^) in (5.14) depends 
only on the monodromy entry C{s). But in general, the equation (5.11) or (5.17) is related to many 
terms of coefficients in the monodromy entry, not only evolved with the leading or lowest term, 
even for the relation (5.12) or (5.18). For example, in the ground-state z_-sector with m = r = 
0, L = case in [5] where Pa 7^ and Pj, = 0, TZq in (5.18) is expressed by products of Co, ...,Cp^, 
and T^L+ruE-i products of Ci-i+N-PaJ ■■■■>Cl-i, where Cj's are defined by {—s)^^~^^C{s) = 
EfZoCji-ty. Hence the expressions of e"'"(l), e"'"(0) in (5.12) or (5.18) are different from those in 
[5], which are in the form of (4.33), (4.34). The relationship between these two approaches is not 
clear at this moment. 

6 Concluding Remarks 

In this work, the A;'-dependent CPM-eigenvectors are constructed by using symmetries in the super- 
integrable r^^^-model and CPM. First in Subsection 2.3, by the constraints of quantum numbers, 
we classify all Onsager sectors of a superintegrable r^^^ -model into type I± and i±, and discuss 
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their relationship under two reflective symmetries: the duality of superintegrable CPM in [8, 48], 
and the inversion relation in (2.59). The duality interchanges sectors of / and ^; while the inversion 
interchanges the + and — sectors. The quantum-space correspondence of (2.20) in duality relation 
was found in [48], while the correspondence of quantum spaces in inversion symmetry of super- 
integrable r'-^-'-model was constructed through the local operators in the XXZ chain equivalent 
to the r*^^-* -model (Proposition 4.1). Furthermore, the correspondences of fc'-CPM-statc vectors 
under these two reflective symmetries are explicitly found through the theory of Onsagcr-algcbra 
representation. The Onsager-algebra symmetry also produces the fe'-dependent expression (3.10) 
of CPM-state vectors 

/±: w{si,...,sm,;k') =E4,...,^^u(.i,...,.„jn:^1sin(^^^ + (^i^), 

where e^*'s are the evaluation values of the Onsager-algebra representation of a sector Sy^p^^p^, 'di^k' 
and ipi^k' are ^'-dependent angle-functions defined in (3.3), and u(s) are the basic r^^^^ -eigenvectors 
in (3.12). We may express the basic r^^^-eigenvectors u(s) in the local spin basis through the 
theory of spin-^^^^ XXZ chains. Indeed as in [37, 38, 43, 48], the loop-algebra symmetry of an 
Onsager sector in superintegrable r^^^-model can be defined through its equivalent spin-^^^^ XXZ 
chain in Sections 4 and 5. First, the Bethe state (4.36) or (4.37) in algebraic-Bcthc-ansatz can be 
realized as the basic r*-^-* -vector with the highest or lowest weight among basic genvectors in 

a sector. Then using the algebraic-Bethe-ansatz techniques of XXZ chains, we are able to construct 
the Fabricius-McCoy currents of all sectors of a superintegrable r^^^-modcl compatible with duality 
and inversion. As the Fabricius-McCoy current is expressed by local operators proportional to 
E^(^) in (3.19), together with the basic Bethe-r^^^ -state, one then obtains the local-vector form of 
basic r^^) -eigenvectors u(s) in an Onsager sector by using the relations in (3.20). 
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